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Initial Motivation

Individual claim amount X with df /" and number of claims N

Let S and X}l) > X}Q) > L.

Aim: Understand the strength of dependence of concomitant extreme
events for

(ST,X}1>|X§1) > t) and <X§F1> X x> t)

How: Copula approach or finding some measures of association.



Background: Tail behaviour of X

Assume xr = oco. Denote FF =1 — F.

F(t+x)=1 r € R;

e c Lif Iim —
t—00 F(t)

PI’(Xl + Xo > t) _

FeSiflim 2;
* t—o0 Pr(Xq1 >1t)
. P 2 (7 IR .
o FeR(a)W|tha>O|ftli>ngo 0 =z % x> 0;

e Notethat | ] R(a) cSC L
a>0

e Pareto, InverseGamma, LogNormal, some Weibull etc



Background: Fisher-Tippett Theorem

o X1, Xo,...12drvs with common df F

o My =max(X;,i=1,...,n)

If there exist a rv Y with nondegenerate df G and normalizing constants
an > 0, by such that an, M, + b, — Y, then G belongs to the type of the
distribution
_ —1/¢
He(w) = | &P 1=+ E)7e), 146 o> 0, €40
exp{—e~ "}, ze N, £€=0
and we write ' € MDA(G). H¢ is known as the generalized extreme
value distribution.

Y

o dy(x) = Hl/a(a(:p — 1)) is the standard Fréchet distribution
o Vo(x) := H_l/a(oz(a: + 1)) is the standard Weibull distribution
e N(xz) := Hp(x) is the standard Gumbel distribution.



Background: Generalized Pareto Distribution

e '€ MDA(H,) if and only if there exists a positive, measurable func-
tion a(-) such that

i Pt za)) _ [ (1 +&a)7V8 146 2> 0, £€#0
ttrp F(t) e, re R, £€=0"

where x i is the right endpoint of F

e Generalized Pareto distribution (GPD)

e The scaled excesses over high thresholds ~ GPD



Background: A comment on tail behaviour

e If X,Y € S and/or £ are “independent” in the tail then

, PI’(X +Y > t)
liMm —
o0 Pr(X > t) + Pr(Y > t)

o If XY € MDA(N) are “positively dependent” in the tail then

o Pr(X+Y > 21)

= non-trivial constant.
t—oo Pr(X >t) 4+ Pr(Y > t)




Background: Measures of association

Let (Y;, Z;),i = 1, 2,3 be 3iid copies of (Y, Z) with continuous marginals.

e Kendall’s tau

T=Pr((Y1 -Y2)(Z1—Z3) >0)—-Pr((Y1 —-Y2)(Z1 - Z>) < 0);

e Spearman’s rho

pr = 3[Pr({(Y1—Y2)(Z1—23)>0)-Pr (Y1 —-Y2)(Z1—Z3)<0)],

e Pearson product-moment correlation coefficient

_ cov(Y, Z)
PL = sd(Y)sd(Z)




Responsible use of Pearson correlation: Spurious Correlation between
Margarine consumption and Divorce Rate in Main (US)

Divorce rate Per capita
in Maine per 1 . consumption of
1,000 people Correlation: 99% margarine (lbs)
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Source: US Census, USDA, tylervigen.com



Main results

If E(IN) < oo and F' € L is continuous, then

i) ~ pht(t) ~ 1, where

i) = Pr ((ST,l ~ S7.2) (X}ll) = X}Q) > 01X57, X > t)
— Pr(

)

510 = 3P (<sT1_sT2 (x - 8) > oxfR X, x>+ )
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Main results (cont'd)

If E(N) < oo, py(2) > 0 and F' is continuous, then

m12(t) ~ 1/3 and p}?(t) ~ 7/15, where

r12(t) =3Pr ((X}ll) _X;g)) (X:(le) —x42) ) >0(x$3), x82) > t)

_3pPr ((X}lf _ X}lg) <X}21) _ X}QQ) ) <0 X:(F21) X}QQ) > t)

P () =3Pr((x§H -x{3) (xf-x{) >01x {2, X3, x>

—3Pr <<X§11) - X}Q) <X§21) - X%)) <olx$, x8), x5 > t) .
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Main results (cont'd)

Finally, two conditional versions of Pearson product-moment correlation
coefficient are

cov (ST, Xq(ﬂl)|X7(ﬂ1) > t)

+1loy —
Pr, (t) =
\/Var (ST|X1(}) > t) Var <X7(ﬂ1)|X7(ﬂ1> > t)
and
cov (Xj(ﬂl), X§2)|X7(ﬂ2) > t)
P17 (t) =

\/Var (X%1)|Xé2) > t) Var (X}2>|X%2) > t)
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Main results (cont'd)

o IfE(14+¢)N < ocowithe >0and F e MDA(®,) or R(a), then
pz_l(t) ~ 1, provided that o > 2;

o If EN? < 0o, py(2) > 0and F € MDA(D,) or R(a), then

—2) |

lim pp2(t o(a ded that a > 2:

im (t) = \/(5a_1)(a_1), provided that o >

o f E(1+¢)N < cowithe>0and F e MDA(A)NS, then
prt () ~ 1

o If EN? < 0o, py(2) > 0and F € MDA(N), then

1

lim t) = /| —.
Hp() =

13



plak,D)

Main results (cont'd)

Asymptotic Peason for various values of alpha
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Main results (cont'd)
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Background: Hill estimator

Let X1, Xo,..., X, beiidrvs with X1 € R(«). Then, the Hill estimator is

1 k(n)

k(n) /5

where qul) > X,,(LQ) > .. > Xé,”), provided that k&(n) — oo and
k(n)/n — 0asn — oo.

(Iog X _og Xék(”)_"l)) —~ a1 asn— oo
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Future work

Let X1, Xo,..., X5, beiidrv's with X1 € R(a) with a > 2. Denote
Y, = max (Xop;_1,X9;), Z; = min(Xop;_1,Xp;) foralli =1,2,...,n
Then, the most natural estimator is

A(k(n),n) R \/ ala —2)
VB(k(n),n)C(k(n),n) (5a = 1)(a— 1)

provided that k(n) — oo and k(n)/n — 0 as n — oo. Note that

as n — oo,

A(k(n),n)= i Y; Zi1 (Zi>z7§k(”)+1)>
=1

k(l . Z YI(Z >Z(k(n)+1)> S 7, I(Z >Z(k(n)+1))
n),—1 1=1
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Future work (cond’d)

B(k(n),n)= f: Yf[(Zi > ng(n)+1)>

1=1

2
- (k(n)+1)
— (z Vit (225 ))

and

C(k(n),n) = f: ZZ-QI(ZZ- > z§k<n>>+1)
=1

2
- (k(n)+1)
iy (S AO))

where qul) > Zf,(LQ) > > Zf,(L").
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Conclusions

1. Qualitative and Quantitative piece of information

2. Potential alternative estimator(s) for the RV index

3. More work on the estimation side
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