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Main Results

© (Rediscovery of) Kolmogorov’s forward integro-diff. eq.
® Free policy modelling with extra duration eliminated

by a modified version of Kolmogorov’s forward integro-diff. eq.
® Significant impact from the modelling of policyholder

behaviour:
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Semi-Markov life insurance setup

e Stochastic process Z(t) € 1 ={0,1,...,J}.

e Duration in current state U(t).

e Assume Z(t) is semi-Markov < (Z(t), U(t)) is Markov.

e Transition rates allowed to be duration dependent, u;(t, u).

The transition probabilities are duration dependent

pi(t,s,u,v) =P(Z(s)=j,U(s) <v|Z(t)=i,U(t) =u)

(T0vsaive ) e 7 dsabied
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Life insurance payments

Time t, duration u:
e While in state j: bj(t,u),
e Transition from i to j: by(t, u).

Conditional on (Z(t) = i, U(t) = u): The (expected) cash flow at
time s,

dA,'7u(t, S)
— Z/p"f(t’ s,u, dv) (bj(s, v)+ Z Ui(s, v)bi(s, v)) ds.
j€J k:kj

The prospective reserve,

Vi,u(t) — /t e*ftsr(T)d‘c (1/41,711(1L7 S).
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Life insurance payments

Time t, duration u:
e While in state j: bj(t,u),
e Transition from i to j: by(t, u).

Conditional on (Z(t) = i, U(t) = u): The (expected) cash flow at
time s,

dA,'7u(t, S)
— Z/p,-j(t, s,u, dv) (bj(s, v)+ Z Ui(s, v)bi(s, v)) ds.
j€J k:kj

The prospective reserve,

Vi,u(t) :/t e*ftsr(T)d‘chivu(bs)'

e Primary question: How to calculate the distr. pj(t,s, u, dv)? .@
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Kolmogorov’s forward integro-diff. eq.
Theorem For D(t) =d+t >0,

d D(s)
< pi(t,s,u,D(s)) = — /O pi(t. s u, d2)u; (s, 2)

ds
+ Z /pik(ta S,u, dZ)/.lkj(S,Z),
keg
k#j
pi(t,t,u,d) = 1(-p1u<dy,

pi(t,s,u,0) =0, s>t

Similar results in Hoem (1972) and Helwich (2008).
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Kolmogorov’s forward integro-diff. eq.
Theorem For D(t) =d+t >0,

d D(s)
< pi(t,s,u,D(s)) = — /O pi(t. s u, d2)u; (s, 2)

ds
+ Z /pik(ta S,u, dZ)/.lkj(S,Z),
keg
k#j
pi(t,t,u,d) = 1(-p1u<dy,

pi(t,s,u,0) =0, s>t
Similar results in Hoem (1972) and Helwich (2008).

One “solve” yields pjj(t,s,u,D(s)) forall se (t,T) and j € 7.
= solve only once!
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The (Danish) setup: With profit products

The Policy

@ policyholder agrees to pay a premium

® life/pension insurance company guarantees certain benefits
The policy is valued with 2 valuation bases

Technical basis: Safe-side
Determines relation between premium and guarantee.

e Conservative (low) interest rate r*

e Safe-side mortality rate, disability rate, etc.

Market basis: Best estimate

Determines balance-sheet value of the liabilities (guaranteed
payments).

e Market inferred forward interest rate f'.

e Best estimate mortality rate, disability rate, etc.

Slide 6/14 — Kristian Buchardt — Cash Flows and Policyholder Behaviour — May 30, 2014



UNIVERSITY OF COPENHAGEN DEPARTMENT OF MATHEMATICAL SCIENCES

Policyholder behaviour: 2 options

Surrender

e cancel all future payments, and
e receives policy value, according to the technical basis

Free policy (eqv. paid-up policy)
e cancel all future premiums, and
e the benefits are reduced, according to the technical basis

Payments are calculated on the technical basis:

= Introduces risk on the market basis.

= Market based valuation should include policyholder
behaviour.
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Surrender modelling

Hsur \ /

Surrender transition: payment V()

Cash flow
dA; ,(t,s)
= Z/p,-j(t,s,u,dv) (bj(s. v)+ Z uik(s, v)bi(s, v)> ds
jed Kk

+ /,Oio(f, s, u, dv)ugu(s, v) ngo(s) ds.
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State space: Surrender & free policy

\m/
Ufree

7, surrender 4, active 5, disabled

free policy free pollcy free pollcy
; 6, dead ;
free policy J*

Free policy at time t:
e Premiums cancelled
e Future payments reduced by factor p(t)
New duration W(t): Time since free policy conversion.
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Free policy cash flow

Define p-modified transition probabilities
p[‘j)(t7 S? U, z)

s prutt—t
ey /t /0 plo(t7 T) U7 dV),Ufree(T, V)p(T)pACtFree,j(T, S, 07 z) dT
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Free policy cash flow
Define p-modified transition probabilities
p,?-(t, S,U,2)

s rutt—t
fr ‘/t /0 plo(t7 T) U, dV),ufree(T, V)p(T)pACtFree,j(T, S, 07 Z) dT

Proposition The cash flow is,
(ts) = 04 (19) + X [ s az)
jes*
b (s,2)+ Y ui(s,2)bi(s, z)*) ds
ket

k#j
+/pEACtFree(t7 S, u, dz),usur(S, Z) VO*EP(S) ds
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pP forward integro-differential equation
Theorem pf-;(t, s,u,v) satisfy, with D(s) =d+s—t>0,d € R,

d
1P (£:5.0.0(8)) = Tmnaree [ Po(t:5.u. d2)siee(5.2)p(s)

D(s) 0
—/0 p;j (t,s,u, dz)p; (s,2)

+ Z /pﬁ((t, s, u, dz) (s, z)
ket
k)

ol (tt,ud)=0, pf(ts,u0)=0, s>t
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pP forward integro-differential equation
Theorem pf-;(t, s,u,v) satisfy, with D(s) =d+s—t>0,d € R,

d
1P (£:5.0.0(8)) = Tmnaree [ Po(t:5.u. d2)siee(5.2)p(s)
D(s)
_/0 p// (t,S,U, dZ),Uj.(S,Z)

+ Z /pﬁ((t,s, u, dz) (s, z)
ket
ki

ol (tt,ud)=0, pf(ts,u0)=0, s>t

Compare to Kolmogorov forward integro-diff. eq.
d D(s)
d_Spij(tjs,u’D(S)):_/o pij(t,S,U, dZ),Llj_(S,Z)

+ Z /pik(ty S, u, dZ),Ukj(S,Z)
keg %
k#j o
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Total cash flow
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Conclusion

e Reviewed Kolmogorov’s forward integro-diff. eq.
for efficient life insurance cash flows, in the semi-Markov setup.

e Cash flows efficiently calculated with policyholder behaviour
with a modified Kolmogorov forward integro-diff.-eq.

e Policyholder behaviour has a huge effect on cash flows.
Essential for interest rate sensitivity analysis.

e With policyholder modelling, significantly less interest rate
hedging is needed.
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Thank you!
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