8th Conference in Actuarial Science & Finance on Samos
May 29 - June 1, 2014

Discrete-Time Semi-Markov Random Evolutions:
Theory and Applications in Finance

Nikolaos Limnios & Anatoliy Swishchuk

Université de Technologie de Compiégne, France
University of Calgary, Canada

Nikolaos Limnios & Anatoliy Swishchuk Discrete-Time Semi-Markov Random Evolutions in Finance



Introduction

OUTLINE

© InTrRODUCTION

Nikolaos Limnios & Anatoliy Swishchuk Discrete-Time Semi-Markov Random Evolutions in Finance



Introduction

OUTLINE

© InTrRODUCTION

© DISCRETE-TIME SEMI-MARKOV RANDOM EVOLUTION
@ SEMI-MARKOV CHAINS
@ DTSMRE DEFINITION
@ STOCHASTIC APPROXIMATION AND ESTIMATION

Nikolaos Limnios & Anatoliy Swishchuk Discrete-Time Semi-Markov Random Evolutions in Finance



Introduction

OUTLINE

© InTrRODUCTION

© DISCRETE-TIME SEMI-MARKOV RANDOM EVOLUTION
@ SEMI-MARKOV CHAINS
@ DTSMRE DEFINITION
@ STOCHASTIC APPROXIMATION AND ESTIMATION

© ArpLicATION OF DTSMRE IN FINANCE: GMRP
@ GEOMETRIC MARKOV RENEWAL PROCESSES
@ STOCHASTIC APPROXIMATIONS

Nikolaos Limnios & Anatoliy Swishchuk Discrete-Time Semi-Markov Random Evolutions in Finance



Introduction

OUTLINE

© InTrRODUCTION

© DISCRETE-TIME SEMI-MARKOV RANDOM EVOLUTION
@ SEMI-MARKOV CHAINS
@ DTSMRE DEFINITION
@ STOCHASTIC APPROXIMATION AND ESTIMATION

© ArpLicATION OF DTSMRE IN FINANCE: GMRP
@ GEOMETRIC MARKOV RENEWAL PROCESSES
@ STOCHASTIC APPROXIMATIONS

@ ScuEME OF PROOFS

Nikolaos Limnios & Anatoliy Swishchuk Discrete-Time Semi-Markov Random Evolutions in Finance



Introduction

OUTLINE

© InTrRODUCTION

© DISCRETE-TIME SEMI-MARKOV RANDOM EVOLUTION
@ SEMI-MARKOV CHAINS
@ DTSMRE DEFINITION
@ STOCHASTIC APPROXIMATION AND ESTIMATION

© ArpLicATION OF DTSMRE IN FINANCE: GMRP
@ GEOMETRIC MARKOV RENEWAL PROCESSES
@ STOCHASTIC APPROXIMATIONS

@ ScuEME OF PROOFS

© CONCLUDING REMARKS AND BIBLIOGRAPHY

Nikolaos Limnios & Anatoliy Swishchuk Discrete-Time Semi-Markov Random Evolutions in Finance



INTRODUCTION

© InTrRODUCTION

Nikolaos Limni i i iscrete-Time Semi-Markov Random Evolutions in Fi



INTRODUCTION

This talk presents a new model for a stock price in the form of a
geometric Markov renewal process (GMRP) which is one of many
examples of discrete-time semi-Markov random evolutions
(DTSMRE). We study asymptotic properties of the DTSMREs,
namely, averaging, diffusion approximation and normal deviations
by martingale weak convergence method. As applications we
present European call option pricing formula for GMRP.
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INTRODUCTION

RANDOM EVOLUTIONS

@ Random Evolutions (RE) are operator dynamical systems (in
Banach or Hilbert spaces) where an operator depends on
some stochastic process, Markov, semi-Markov, Lévy
processes, etc. (see Korolyuk & Swishchuk (1992, 1995),
Korolyuk & Limnios (2005))

@ For example:

d
Sa(t) = C(=(1) ()

Nikolaos Limnios & Anatoliy Swishchuk Discrete-Time Semi-Markov Random Evolutions in Finance



INTRODUCTION

RANDOM EVOLUTIONS: APPLICATIONS

REs have many applications:

traffic theory
storage theory
risk theory

°
°
°
@ biomathematics
o financial mathematics
°

many others

In this talk we shall concentrate on financial applications of REs:
geometric Markov renewal process (GMRP) as a model for stock
price.
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INTRODUCTION

SOME LITERATURE: DTSMRE

© Markov chain case
o Keepler (1998);
@ Skorokhod, Hoppensteadt, Salehi (2002);
o Yin & Zhang (2005)
© Embedded Markov case
s Koroliuk & Swishchuk (1992, 1995);
@ Koroliuk & Limnios (2005);
@ Swishchuk & Wu (2003)
© Semi-Markov chain case

o Limnios (2010, 2011)
@ Limnios & Swishchuk (2013)
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DISCRETE-TIME SEMI-MARKOV RANDOM EVOLUTION SEMI-MARKOV CHAINS
DTSMRE DEFIN
STOCHASTIC APPROXIMATION AND ESTIMATION

MARKOV RENEWAL CHAINS / SEMI-MARKOV CHAINS

Markov renewal process (z,,, Tn)n=0.12

]P’(l‘n_;_l c B,Tn_H —Tn = k ’ Oy ooy Ty T, ...,Tn)
= P(.%'n+1 S B,Tn+1 — Sn =k ‘ .%'n)

Semi-Markov Chain z; =z, , k € N, where v}, = {n:m <k}
Semi-Markov kernel

q(z,B, k) = P(rpt1 € B, g1 — ™ = klz, = 2)
= P(x,B) fuy(k)
Transition kernel of the EMC (z,): P(z, B)

Conditional distribution of sojourn time: f,(k), and
hy(k) = q(z, E k).
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DISCRETE-TIME SEMI-MARKOV RANDOM EVOLUTION

N AND ESTIMATION

THE SEMI-MARKOV SETTING

Let us consider an ergodic SMC z with state space (E, &) ;
semi-Markov kernel ¢ and ergodic probability .
Define the backward recurrence chain -y, by

Vi =k — Ty,. J

For the MC (z,~) define:
» P! the transition operator,
» ! the stationary probability, and
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DISCRETE-TIME SEMI-MARKOV RANDOM EVOLUTION SEMI-MARKOV CHAINS
DTSMRE DEFINITION
STOCHASTIC APPROXIMATION AND ESTIMATION

Let II be the stationary projection operator, i.e.,

plo.s) = 3 [ wdy x (ol 01(c.5).

£>0

The potential operator Ry of Q% := P! — 1, i.e.,

= (@' +I) -1 = [(Ph)"

n>0

And Fi := o{zp, ;¢ < k}, k € N.
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DISCRETE-TIME SEMI-MARKOV RANDOM EVOLUTION

A DISCRETE-TIME SEMI-MARKOV RANDOM
EVOLUTION

Let B be a Banach space and a family of contraction operators
D(z),z € E, and I the identity operator.
Define now the DTSMRE &,k € N, on B by

Dpp = D(2k)D(2p-1) --- D(22)D(z1)p, k>1, and & =1I. ’

For ¢ € By = NyegD(D(x)).
Thus we have
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DISCRETE-TIME SEMI-MARKOV RANDOM EVOLUTION S -MARKOV CHAINS
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PLAN
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DISCRETE-TIME SEMI-MARKOV RANDOM EVOLUTION S -MARKOV CHAINS
ION
> APPROXIMATION AND ESTIMATION

STOCHASTIC APPROXIMATION

We consider series schemes: ®¢, £ > 0,
for perturbing operators: D*(x)

® AVERAGE APPROXIMATION
@ DIFFUSION APPROXIMATION
@ DIFFUSION APPROXIMATION WITH EQUILIBRIUM
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DISCRETE-TIME SEMI-MARKOV RANDOM EVOLUTION -MARKOV CHAIN
] )TS N
STOCHASTIC APPROXIMATION AND ESTIMATION

AVERAGING

Assumptions:

Al: The MC (zk, vk, k € N) is uniformly ergodic with ergodic
distribution 7#(B x {k}),B € £,k € N.

A2: The moments may(z),z € E, are uniformly bounded, and
sup, Y pop k2he (k) = 0, as T — oo.

A3: The perturbed operators D?(z) have the following
representation on B

Df(x) = I+ eD;(x) + eDg(x),
where operators D1 (x) on B are closed and
By := NgepD(D1(x)) is dense in B, By = B. Operators
D§(z) are negligible, i.e.,
lim. 0 || D§(x)e]|| = 0 for any ¢ € By.
A4: We have: [, m(dz)||Di(z)p]* < oo.
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DISCRETE-TIME SEMI-MARKOV RANDOM EVOLUTION SEMI-MARKOV CHAINS
SMRE DEFINITION
C APPROXIMATION AND ESTIMATION

AVERAGING

Assumptions (cont'd):

Ab5: There exists Hilbert spaces H and H* such that compactly
embedded in Banach spaces B and B*, respectively, where
B* is a dual space to B.

A6: Operators D*(x) and (D®)*(x) are contractive on Hilbert
spaces H and H*, respectively.
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DISCRETE-TIME SEMI-MARKOV RANDOM EVOLUTION

OXIMATION AND ESTIMATION

AVERAGING

THEOREM

Under Assumptions A1-A6, the following weak convergence takes
place B
E[-:t/s} — @(t), g — 0,

where the limit process ®(t) is determined by the following
equation

t
@(t)cp—gp—/ L®(s)pds =0, 0<t<T,
0

and the limiting operator is given by:

LII = I1D; ()IL.
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DISCRETE-TIME SEMI-MARKOV RANDOM EVOLUTION

STOCHAS' APPROXIMATION AND ESTIMATION

DIFFUSION APPROXIMATION

Assumptions:

D1: Let us assume that the perturbed operators D¢(z) have the
following representation in B

Df(z) = I 4 eD1(z) + €2Do(z) + 2 Dg(x),

where operators Da(x) on B are closed and

By := NzepD(Dy(x)) is dense in B, By = B; operators

D§(x) are a negligible operator, i.e., lim._,q || D§(z)¢| = 0.
D2: The following balance condition holds

11D ()11 = 0. (1)

D3: The moments ms(x),z € E, are uniformly bounded.
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DISCRETE-TIME SEMI-MARKOV RANDOM EVOLUTION
INITION
APPROXIMATION AND ESTIMATION

DIFFUSION APPROXIMATION

THEOREM

Under Assumptions A1, A5-A6, and D1-D3, the following weak
convergence takes place

(pft/EQ] — (po(t), g — 0,

where the limit random evolution ®(t) is a "diffusion random
evolution” determined by the following generator

IL = TIDy(z)I 4 T1D; (2) Ry Dy ()T — TID3 ()11
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DISCRETE-TIME SEMI-MARKOV RANDOM EVOLUTION SEMI-MARKOV CHAINS
D- Dy N
STOCHASTIC APPROXIMATION AND ESTIMATION

DIFFUSION APPROXIMATION WITH EQUILIBRIUM

Wi = e 25, — O(1)).

THEOREM

Under Assumptions A1, A5-A6, and D3, with operators D°(x) in
A3, instead of D1, the deviated semi-Markov random evolution W¢
weakly convergence, when € — 0, to the diffusion random
evolution W defined by the following generator

L = II(D; (z) — D1)Ro(D1(z) — Dy)IL
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GEOMETRIC MARKOV RENEWAL PROCESSES

APPLICATION OF DTSMRE IN FINANC .
STOCHASTIC APPROXIMATIONS

PLAN

© ArpLicATION OF DTSMRE IN FINANCE: GMRP
@ GEOMETRIC MARKOV RENEWAL PROCESSES
@ STOCHASTIC APPROXIMATIONS
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APPLICATION OF DTSMRE IN FINANCE: GMRP

GEOMETRIC MARKOV RENEWAL PrROCESS (GMRP)

We consider GMRP as an example of a DTSMRE.
GMRP is a generalization of Aase (1988) geometric compound

Poisson process in finance and Cox-Ross-Rubinstein (1976) discrete
time model for the stock price.
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APPLICATION OF DTSMRE IN FINANCE: GMRP

Let p(z) be a bounded continuous function on E such that
p(x) > —1. The following functional on semi-Markov chain

k
Hl—l—pzl (3)

where Sy > 0, is called Geometric Markov Renewal Process
(GMRP).

We model stock price as Si-GMRP.
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APPLICATION OF DTSMRE IN FINANCE: GMRP

PLAN
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APPLICATION OF DTSMRE IN FINANCE: GMRP

THE GMRP

If we define the operator D(z) on Cy(R) in the following way

D(z)p(s) == p(s(1 + p(2))),

then the discrete-time semi-Markov random evolution ®;, has the
following presentation:

k

k
Orp(s) = [[ D(z)e(s) = (s [ (1 + p(z0) = (Sk),
=1

=1

where S(0) = Sy = s, and we suppose that [[)_; = 1.
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APPLICATION OF DTSMRE IN FINANCE: GMRP

GEOMETRIC COMPOUND POISSON PROCESS AS A
GMRP

The GMRP process we call such by analogy with the geometric
compound Poisson process

N()

Se="5 [[(+),
k=1

where Sp > 0, N(t) is a standard Poisson process, (Yx)ren are
i.i.d. r.v., which is a trading model in many financial applications
as a pure jump model (See Aase (1988)).
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APPLICATION OF DTSMRE IN FINANCE: GMRP

Cox-Ro0ss-RUBINSTEIN PROCESS FOR STOCK PRICE
AS A GMRP

If Sk is the stock price at day k, then

k
S =So [ [(1+ ),
=1

where p; = a with probability p > 0, and p; = b with probability
1—p, where —1 < a <r <bandr > 0is the interest rate. This is
Binomial model for stock price (See Cox-Ross-Rubinstein (1976)).
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PROCESSES

APPLICATION OF DTSMRE IN FINANCE: GMRP

PLAN

© ArpLicATION OF DTSMRE IN FINANCE: GMRP

@ STOCHASTIC APPROXIMATIONS
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N VAL PROCESSES
APPLICATION OF DTSMRE IN FINANCE .
STOCH

AVERAGING OF GMRP

Now, define the following sequence of processes:

[t/¢]
S; =50 [[(1+ealz)), teRy, Sp=s.
=1

Then under averaging conditions the limit process Sj has the
following form
S(t) = Soeat,

where & = [ m(dz)a(z).
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APPLICATION OF DTSMRE IN FINANCE: GMRP

DIFFUSION APPROXIMATION OF GMRP

If we define the following sequence of processes

[t/22]
S°(t) =S [[ 1 +ea(x), teRy, Sp=s,
=1

then, in the diffusion approximation scheme, we have the following
limit process Sy(t)

S()(t) _ Soe—téz/Qeaaw(t)’
where

as ::/Eﬁ(dz)aQ(z),
o2 = / 7(d2)[a?(2)/2 + (=) Roa(2)].
E
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APPLICATION OF DTSMRE IN FINANCE: GMRP

DIFFUSION APPROXIMATION WITH EQUILIBRIUM OF
GMRP

Let us consider the following normalized GMRP:
ws = e V2 [In(S5/So) — at).

It is worth noticing that in finance the expression In(.S7/So)
represents the log-return of the underlying asset (stock, e.g.) S;.
Then this process converges to the following process ow;, where

2 = m(a(z) — a a(z) —a
7t = [ 7laz) = Rofa(2) - a).

and w; is a standard Wiener process.
In this way, the GMRP S; may be presented in the following

approximated form
S§ a2 SpetttVEowe,
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SCHEME OF PROOFS

SCHEME OF PROOFS

» STEP 1: COMPENSATING OPERATOR CONVERGENCE
(I)ft/er]’ Z[t/er]y  Vt/er)s t>0, €>0,r=1,2

Construction of the compensating operator, L (main part):
o Averaging

L (x) == e 1Q* + P*D;(z) + P*D5(x)
@ Diffusion Approximation
LE(z) := e 2Q* + e 'P!Dy () + P*Dy(a) + PPDg(x)
Solving the singular perturbation problem

Lo (u, x) = Lo(u) + 6°.
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SCHEME OF PROOFS

STEP 2: TIGHTNESS

1. The family of processes q)ft/a]cp, p € By, as ¢ — 0, satisfy the
compact containment condition and its limit points belong to
Cp[0, 00).

2. The process

[t/e]-1
M; =&, —1— Y [P'D*(-) - 12,
=0

is an F;/-martingale.

3. The family K(ngg Er[®7 10 — P50 | Fil) is relatively
compact for all £ € B, dual of the space By.

4. The family K(Mﬁ/e]w) is relatively compact for any ¢ € B, and
any ¢ € By.
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CONCLUDING REMARKS AND BIBLIOGRAPHY

PLAN
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CONCLUDING REMARKS AND BIBLIOGRAPHY

CONCLUDING REMARKS

v

RE General Framework.
We are studying the reduced random media case.

Additional results for controlled processes are also
obtained.

Additional applications can be considered.
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