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Context

General problematic

Inputs variables - parameters - Xy,..., Xj.

)

How does the uncertainty on the X;'s impact the uncertainty on Y7
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Context

Some examples

@ Y is the price of an option or the default probability in credit
risk,
@ Y is be the water high or the first time that the water level is
above some threshold in hydrology,
wind strengt, ...). Y could be obtained by solving an EDS or a
PDE or by optimization procedures ...

X1, ..., Xk are the parameters of the model (volatility, mean return,
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Tools: Sobol indices and stochastic orders Sobol indices
Stochastic orders

Notations

Let be the output with X1, ..., X, independent
random variables.
Denote

Xo = (Xiyi € @) fora C {1,...,k}.
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Tools: Sobol indices and stochastic orders Sobol indices
Stochastic orders

Sobol's decomposition of the output

can be decomposed into (see Sobol (1995 or 2001) e.g.)

with
Q 7 = E(f(X)),
(2] / fadpx, =0if i € o,

(8] / fo - fadux =0if a # 5.
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Tools: Sobol indices and stochastic orders Sobol indices
Stochastic orders

Sobol's decomposition of the output

can be decomposed into (see Sobol (1995 or 2001) e.g.)

= Z fa(Xa)a

The functions f,, are defined inductively:
fo = E(f(X)),
forie{l,... k}

Fora C {1,...,k},
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Tools: Sobol indices and stochastic orders Sobol indices
Stochastic orders

Decomposition of the variance

A direct application of the above definitions leads to the
decomposition:
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Tools: Sobol indices and stochastic orders Sobol indices
Stochastic orders

Simple indices

The impact of the variation of X; on the variation of
may be measured by the Sobol index:

S, — var(E(f(X) | Xi)) ::]E(ﬂ()c)z)
i var(Y) var(Y)

It is the relative impact of X; on the variation of

We have:

:E:: S < 1.

ie{l,...,k}

The equality is achieved when there is no interactions.
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Tools: Sobol indices and stochastic orders Sobol indices
Stochastic orders

Total indices

Interactions between the variables X1, ..., X, they are identified by
the f,, with |a| > 2.
Total Sobol indices take into account the impact of the interactions:

Svar(f(Xa)  SOE(((Xa))

a>i adi
S7,= -

i var(Y) var(Y)
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Tools: Sobol indices and stochastic orders Sobol indices
Stochastic orders

Total indices

Interactions between the variables X1, ..., X, they are identified by
the f,, with |a| > 2.
Total Sobol indices take into account the impact of the interactions:

Svar(fa(Xa)) S E((fa(Xa)))

Sy — a>i _adi

Ti var(Y) B var(Y)

Our aim is to study the impact of a replacement X; — X on the
Sobol indices S; and St.
The more X is uncertain, the greater S; and St,7
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Tools: Sobol indices and stochastic orders Sobol indices
Stochastic orders

The stochastic order, the convex order

Stochastic orders: different ways to - partially - order random
variables.
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The stochastic order, the convex order

Stochastic orders: different ways to - partially - order random
variables.
X1 and X two random variables.

@ X is smaller than X; for the standard stochastic order
(X <st X1) if and only if, for any bounded non decreasing
function f,

E(f(X1)) < E(f(X1))-

e X{ is smaller than Xj for the convex order (X;* <cx Xi) if and
only if, for any bounded convex function f,

E(f(X7)) < E(f(X1))-
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Tools: Sobol indices and stochastic orders Sobol indices
Stochastic orders

The stochastic order, the convex order

Stochastic orders: different ways to - partially - order random
variables.

e X is smaller than X; for the standard stochastic order
(X{ <st X1) if and only if, for any bounded non decreasing
function f,

E(f(X1)) < E(f(X1))-

e X is smaller than Xj for the convex order (X;* <cx Xi) if and
only if, for any bounded convex function f,

E(f(X7)) < E(f(X1)).
These are not location free orders. Remark that

Xi <st X1 = E(X]) <E(X).
Xi <ex X1 = E(X{) = E(X1).
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Tools: Sobol indices and stochastic orders Sobol indices
Stochastic orders

Some variability orders

We shall consider orders designed to take into account the
variability and are location free.
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Tools: Sobol indices and stochastic orders Sobol indices
Stochastic orders

Some variability orders

We shall consider orders designed to take into account the
variability and are location free.
X{ and Xi two random variables.

@ F. and F their distribution functions,

o F 1 and F~! their generalized inverse (or the quantile
function),

@ F,=1— F,, F =1 — F their survival functions.
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Tools: Sobol indices and stochastic orders Sobol indices
Stochastic orders

Some variability orders

We shall consider orders designed to take into account the
variability and are location free.

® X{ is smaller than X for the dilatation order (X{" < X1) if
and only if (X{ —E(X])) <cx (X1 — E(X1)),

e X is smaller than X for the dispersive order (X} gdisp X1) if
and only if F~1 — F~1 is non decreasing,

o If X{ and X; have finite means, then X; is smaller than X for
the excess wealth order (X; <ew Xi) if and only if, for all
p 6]07 1[1

/ Fu(x)dx < / Fx)dx.

[F=(p),ool [F~*(p),o0l
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Tools: Sobol indices and stochastic orders Sobol indices

Stochastic orders

Scale invariant orders

e X is smaller than Xj for the star order (X] <x X1) if and
only if
F—l
——7 is non decreasing,
F
e X{ is smaller than X for the Lorenz (X{" <| ;enz X1) if and
only if
XX . X
E(X7) ~7 E(X)’
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Tools: Sobol indices and stochastic orders Sobol indices
Stochastic orders

Properties and relationships |.

Property (see eg the book Stochastic orders by
Shaked-Shanthikumar 2007)

Q <disp = Sew ==j

<* = <|orenz-
X{ <% Xi <= log X{ < disp log X;.

© 00

If X{ and Xi are random variables with X; gdl-sp X1 and
X{ <st X1 then for all non decreasing and convex or non
increasing concave function ¢, o(X{) < disp o(X1).
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Tools: Sobol indices and stochastic orders Sobol indices
Stochastic orders

Properties and relationships II.

As a corollary, we have that
X{ Sdisp X1 and X{" <gt X1 = var(e(X{)) < var(e(X1))

for any non decreasing and convex or non increasing concave
function .
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Case with no interactions
Results Product of convex functions

Sketch of results

For which order and under which conditions on f,
X< Xi=S§'<S;

or
X,-* < X,‘ — 5>7k— < STi?

Where S/ and S*T are Sobol indices for
= f(Xl,... Xi—1, X¥, Xig1, -, Xk).
Write
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Case with no interactions
Results Product of convex functions

Result when there is no interactions

No interactions, Sobol's decomposition writes:

k
i=1

Assume
e f is convex and componentwise non decreasing (or concave
and componentwise non increasing).
e X is independent of (Xi,...,Xy).
o X* <ew X and , where ¢ and ¢, are the left end
points of the support of X* and X;.
Then S¥ < S;. )
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Case with no interactions
Results Product of convex functions

|dea of the proof

Write ¢;(X;) = E(f(X)|X;), so that f; = ¢; — fz, ¢;(X]) is non
decreasing and convex. f(X*) writes:

Zf )+ fz.

J#i
var(Y*) = +var(fi(X")) = +var(pi(X")).
Finally,
o varle(X)
S var(e (X)) + var(2i(X)

J#i
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Case with no interactions
Results Product of convex functions

|dea of the proof

Write ¢;(X;) = E(f(X)|X;), so that f; = ¢; — fz, ¢;(X]) is non
decreasing and convex. f(X*) writes:

Zf )+ fo.

JF#i
var(Y*) = var((X})) = Tvar(ii(X7)).
Also, we have
—1 -1
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Case with no interactions
[E Product of convex functions

Products of convex functions

Theorem
If f writes:

(X1, ., Xk) = g1(X1) x -+ X ge(Xk) + K

with K € R and the log g;'s convex and non decreasing functions.
Let X be independent of X and X Sdisp Xi and X <gt X;.
Then Si“ri < St.
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Case with no interactions
[E Product of convex functions

Products of convex functions

Theorem
If f writes:

f(Xl,...,Xk) :gl(Xl) X e ng(Xk)+K

with K € R and the log g;'s convex and non decreasing functions.
Let X* be independent of X and X} gdisp Xi and X* <gt X;.
Then 57-’ S ST,--

Remark: If X* and X; have ¢, and / as finite left end points of
their support then X/ Sdisp Xjand b, =0 = X' <gt X;.
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Case with no interactions
[E Product of convex functions

|dea of the proof I.

fi(Xi) = (&i(X) — E(&i(X)) ] [ Egi(X)),
JF#i
The form of f gives:

fa(Xa) = Y (=D ] gi(x) [T Eegi(X))

BCa Jjep jés
= JTE@E)) [T (g(X) —E(g(X)))-
jito jea
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Case with no interactions
[E Product of convex functions

|dea of the proof Il.

We write

Then, one gets
fr.(X) = (gi(Xi) — E(gi(Xi))
Moreover,
fuo(Xa) = [T E(g5 (X)) [ ] (85(X) — E(g5(X)))).-

Jga j€a
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Case with no interactions
[E Product of convex functions

|dea of the proof IlI.

Compute the variances:

var fr, = var(gi(X;)) ,

if i & «,

var fo(Xa) = E(gi(X)))?
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Case with no interactions
[E Product of convex functions

|dea of the proof IV.

The total Sobol indices rewrite

Zvar(fa(Xa)) Zvar(fa(Xa))
_ aFi * aZi
ST o) | M T N oo
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Case with no interactions
[E Product of convex functions

|dea of the proof IV.

The total Sobol indices rewrite

—1
3 var(fa(Xa)) Svar(fa(xa)]
aFi % aFi
=14+ = — Qe
TE YL EmEy | T P e o))

The result follows if
var gi(X) < var gi(X;)
E(gi(X))? ~ E(si(X))*

We have

log gi(X}") <gisp log &i(Xi) <= &i(X{") <« &i(Xi)

var gi(X) - var gi(X;)
E(gi(X))* ~ E(&i(X))*

33/45

= &i(X") <Lorenz 8i(Xi) =



Case with no interactions
[E Product of convex functions

Extensions

The previous result holds in some extended cases described below.
Q Let {/,}2ca be a partition of {1,..., k} and assume that

)= [Tax)
acAjel,

with log gj non decreasing and convex. If X/ is independent of
X and X/ gdisp Xi and X* <gt Xi. Then Sf‘ri < St.

34/45



Case with no interactions
[E Product of convex functions

Extensions

The previous result holds in some extended cases described below.
Q Let {/,}2ca be a partition of {1,..., k} and assume that

=> [T&x)
acAjel,

with log gj non decreasing and convex. If X/ is independent of
X and X/ <disp Xi and X{* <gt Xi. Then 5 < Sr..

Q Let /(X) = ng ) + ©2(Xi) with log gj, log 1 and
1

log 2 non decreasirfdg’é and convex. If
e X7 is independent of X and X/ Sdisp Xi and X* <gt Xi.
o —00 < [f < (; where {} and ¢; are the left end points of the

support of X/ and X;.

o E(p1(X7")) = E(p2(X7)).

Then S7- T. < St,.
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lllustrations and conclusion

Exemples

@ Value at Risk in the classical Black and Sholes model.

@ Price of zero coupon in the Vasicek model.
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lllustrations and conclusion

Sensibility of the VaR

Simplest model (Black-Sholes). L is a loss of a portfolio of the form
L = S7 — K where K is positive and where St is the value at time
T of a geometric brownian motion:

dSt — /Lstdt + O'StdBt, t e [0. T]
The Value at Risk is given by

VaR, (L) = Sp exp (,uT + U\FTNfl(a)) - K.

The parameters are 1 and o. This is a case of a product of log non
decreasing and convex functions.
We have chosen for o and p several uniform, truncated normal and
truncated exponential laws (ordered with respect to the dispersive
and stochastic orders).
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lllustrations and conclusion

Sensibility of the VaR

Results for o = 0.9.
N stands for a truncated, on [0, 1] normal law.
N'T' stands for a truncated, on [0, 2] normal law.

E1 stands for a truncated, on [0, 1] exponential law.

" 1 ot o ST, | ST | 5T, | ST,
U[o,0.1] - U[0,0.1] | 24[0.05,0.5] | 0.38 | 0.03 | 0.62 | 0.98
U[0,0.1] - U[0,0.5] | N7(0,1) |0.03]0.01 | 0.98]0.99
U, 1] - £1(5) £r(1) | 053] 04 | 052066
up,1] [ N(0.2) | ulo1] - 0.41 | 0.74 | 0.64 | 0.34

38 /45



lllustrations and conclusion

Vasicek model

Vasicek model: model for short interest rate (or for default

intensity) given by the solution of an Ornstein Ulenbeck type
stochastic differential equation i.e:

drf_- = a(b — rt)dt + O'th

where a, b and o positive parameters and W; is a standard
brownian motion.
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lllustrations and conclusion

Vasicek model

Vasicek model: model for short interest rate (or for default
intensity) given by the solution of an Ornstein Ulenbeck type
stochastic differential equation i.e:

drt = a(b— rt)dt—FUth

The price at time t of a zero coupon bond with maturity T (or
the survival probability in a credit risk model) is given by :

P(t, T) = A(t, T)e "(BET)

with (T—t)
1—e 2/~
B(r.T)= 1 "
o? o? _,
Ae.T) = o0 (b= (B T) = T 41~ 62t 7))
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lllustrations and conclusion

Vasicek model

Results for the initial rate ryp = 0.01.

parameter law | total index || parameter law | total index
a U[o,1] 0.49 a U[o,1] 0.51
b u|o, 1] 0.45 b* Ulo, 2] 0.53
o U[o, 1] 0.16 o U[o,1] 0.05

Results for the initial rate ry = 0.1.

parameter law | total index || parameter law | total index
a ulo, 1] 0.41 a ulo, 1] 0.48
b U[o, 1] 0.52 b* U[o,2] 0.57
o ulo, 1] 0.18 o Uu|o, 1] 0.06
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lllustrations and conclusion

Conclusion

+

- The order of Sobol indices may change when changing the law
of the parameters.

ToDo Find the class of functions f for which the ordering on Sobol
indices may be done.

ToDo Use the results presented to find bounds on Sobol indices (use
of smallest elements for the dispersive or ew orders).
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Thanks for your attention.
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lllustrations and conclusion

Other properties of stochastic orders

Property (E Fagiuoli, F Pellerey, and M Shaked 1999.)

X{ and X1 two finite means random variables with supports
bounded from below by ¢, and £. If X{ <ew X1 and

then for all non decreasing and convex functions hy, hy for which
hi(X5) and hi(X1) i = 1,2 have order two moments,

cov(hi(X), ha(X})) < cov(hy(X1), ha(X0)).
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lllustrations and conclusion

Other properties of stochastic orders

Property (Shaked-Shanthikumar 2007)
o X{ <ew Xi if and only if
. 1
s [ - F W)

p
P

is non decreasing in p €]0, 1.

o X{ gdisp Xi if and only if for all ¢ € R, the curve of F.(- — ¢c)
crosses that of F at most once. When they cross, the sign is
= +_
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