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On a mean reverting dividend strategy with Brownian motion

Benjamin Avanzi∗,a,1, Bernard Wonga,2

aActuarial Studies, Australian School of Business
UNSW Sydney NSW 2052, Australia

Abstract

In actuarial risk theory, the introduction of dividend pay-outs in surplus models goes back to Bruno de Finetti (1957).
Dividend strategies that can be found in the literature often yield pay-out patterns that are inconsistent with actual
practice. One issue is the high variability of the dividend payment rates over time. We aim at addressing that problem
by specifying a dividend strategy that yields stable dividend pay-outs over time.

In this paper, we model the surplus of a company with a Brownian risk model. Dividends are paid at a constant
rate g of the company’s modified surplus (after distribution of dividends), which operates as a buffer reservoir to yield
a regular flow of shareholders’ income. The dividend payment rate reverts around the drift of the original process µ,
whereas the modified surplus itself reverts around the level l = µ/g.

We determine the distribution of the present value of dividends when the surplus process is never absorbed. After
introducing an absorbing barrier a (inferior to the initial surplus) and stating the Laplace transform of the time of
absorption, we derive the expected present value of dividends until absorption. The latter is then also determined if
dividends are not paid whenever the surplus is too close to the absorbing barrier. The calculation of the optimal value of
the parameter l (and equivalently g) is discussed. We conclude by comparing both barrier and mean reverting dividend
strategies.

Key words: Dividends, Brownian motion, Ornstein-Uhlenbeck process, Mean reverting
JEL codes: G35, G32, G22, C44

1. Introduction

In risk theory, the stability problem is concerned with
the safety of an insurance company; see Bühlmann (1970).
It goes back to Lundberg (1909), Cramér (1930) and Cra-
mér (1955), who proposed to use the probability of (ulti-
mate) ruin as a criterion of stability. However, this presents
some issues, the main one being that such a criterion im-
plies that companies should let their surplus grow to the
infinity. Acknowledging that some surplus had to be dis-
tributed at some point in time, Bruno de Finetti (1957)
proposed to modify the approach by allowing the company
to distribute dividends. The idea was to have a more real-
istic model for the surplus of a company, that could then
be used to derive results about risk and reinsurance.

Bruno de Finetti’s modification led to a wealth of pub-
lications (see Avanzi, 2009, for a review of this area of
research), many of which are interested in determining
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the mathematically optimal dividend strategy for a given
surplus model (see also Albrecher and Thonhauser, 2009).
Optimality is therein achieved by maximising the expected
present value of future dividends until ruin. Indeed, it
makes sense for the company’s owners—the decision mak-
ers, to try to maximise their return on investment. How-
ever, this search is conducted within all possible dividend
strategies, and the resulting optimal strategy is scarcely
one that could be observed in reality. Furthermore, the as-
sociated probability of ruin is often 1. Both of these issues
were raised by Gerber (1974), who developed a dividend
strategy that had the advantage of being more practical
than a band strategy and that led to ruin with a proba-
bility inferior to 1. Although the loss of focus on safety is
being dealt with in the current literature (see Section 4 of
Avanzi, 2009), explicit focus on the practicality of the div-
idend strategy, surprisingly, proved not to be very popular
in the past decades.

Although it is reasonable to assume that sharehold-
ers will prefer a strategy that maximises the present value
of dividends, we believe it is not reasonable to assume
they would not restrict their choice to a set of strate-
gies with certain qualities. The value of the shares on
the stock market is usually not taken into account in div-
idend models, but the company’s behaviour in terms of
shareholder income has a decisive impact. An empirical
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study by Akhigbe et al. (1993) shows that the share price
response to the dividend policy is positive and significant
for insurers. It is widely accepted (and found in most ele-
mentary textbooks) that companies aim at a nondecreas-
ing, stable flow of dividends because of the signals it sends
to the market. This is also found by empirical research;
see, for instance, Brav et al. (2005, Table 4) where both
of these qualities were identified as the most important
ones by decision makers. In fact, these qualities may even
prove to be more important than the actual present value
of dividend pay-outs.

In this paper, we acknowledge the importance of the
qualities described in the previous paragraph and specify
a dividend strategy that yields a smooth flow of dividends
over time.

In the next section, we introduce a mean reverting div-
idend strategy in the Brownian risk model. In Section 3
we derive the distribution of the present value of dividends
if the company is allowed to continue its business when
the surplus becomes negative. In Section 4, we introduce
an absorbing barrier a and state the Laplace transform of
the first time the process hits the level a. The expected
present value of dividends until the process is absorbed
is determined in Section 5. This quantity is also deter-
mined in Section 6 if no dividends are paid whenever the
surplus is too close to the absorbing barrier. We then dis-
cuss which mean reverting levels maximise the expected
present value of dividends until (possible) absorption, be-
fore comparing both barrier and mean reverting dividend
strategies in Section 8.

Remark 1.1. By ‘dividend pay-outs’ we refer here to any
type of shareholder income that results in a decrease of
the company’s surplus, that is, dividends as such, but also
share buy-back programs. Before tax and under classical
assumptions, both of these pay-outs result in equivalent in-
come for the shareholders.

2. A mean reverting dividend strategy

We model the surplus of a company at time t,

U(t) = x + µt + σW (t), t ≥ 0, (2.1)

with a standard Brownian motion {W (t)}. In this frame-
work, Gerber (1972) and Gerber and Shiu (2004) consid-
ered a barrier strategy, Gerber et al. (1981) a linear barrier
strategy (with increasing slope) and Asmussen and Taksar
(1997) a threshold strategy. In model (2.1) with a classical
definition of ruin (absorbed at a = 0), the dividend strat-
egy that maximises the present value of dividends until
ruin is a barrier strategy; see Gerber (1972) and Gerber
and Shiu (2004).

In this paper, dividends are paid continuously at a rate
g > 0 of the current (modified) surplus. Hence, the surplus
of the company X(t) after distribution of dividends has
dynamics

dX(t) = [µ− gX(t)] dt + σdW (t), t ≥ 0, (2.2)

with X(0) = x. This is an Ornstein-Uhlenbeck process
(with additional drift µ). The drift of the modified surplus
at time t,

µ− gX(t), (2.3)

is positive whenever the surplus is below a certain level

l =
µ

g
, (2.4)

and negative when the surplus exceeds that level. The
surplus is thus reverting around l, and the dividend pay-
out rate is itself reverting around an average (or mean)
rate

g · l = µ; (2.5)

hence justifying its name of mean reverting dividend strat-
egy. This ‘average’ pay-out rate is equal to the original
drift of (2.1). Here X(t) operates as a buffer reservoir to
yield a smoother dividend flow with target annual rate µ,
irrespective of the value for g. Alternatively, g can be in-
terpreted as a target return on investment (ROI), achieved
by an adaptation of the surplus level to l (function of µ).

A typical sample path of {X(t)} is illustrated on Figure
1 (in black). Although the pay-out rate oscillates with the
surplus level, it is a continuous function. It cannot lead
to periods during which no dividend is paid at all, such as
in any of the strategies mentioned at the beginning of this
section. Furthermore, its mean reverting property implies
that the smoothed slope of the (undiscounted) aggregate
dividends process (illustrated in gray in Figure 1) is ex-
tremely steady, especially from the first time the process
reaches its reverting level l. Even though this slope—the
dividend pay-out rate—varies over time, these variations
reflect the current profitability of the business.

Remark 2.1. One could argue that it is more realistic to
assume a constant pay-out rate of the company’s earnings.
However, such a policy would not necessarily result in a
smooth flow of dividends. In practice, some earnings must
be retained in order to smooth out variability in profits,
which is exactly what our model is describing, if the sur-
plus described in (2.2) represents free reserves or retained
earnings.

Remark 2.2. A model mathematically related to (2.2) has
been studied by Cai et al. (2006), who also consider div-
idend pay-outs. However, they define g < 0 as a rate of
interest and consider a barrier dividend strategy.

3. Dividends without ruin

In this section, we assume that the company’s business
is allowed to continue even if the surplus becomes nega-
tive. In other words, the surplus process is never absorbed.
Results in this section are used in Section 5 to determine
the expected present value of dividends when the process
is absorbed at a certain level a < x.

When the surplus is negative, the dividend pay-outs are
also negative. Since the shareholders’ liability is limited to
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Figure 1: Sample path of {X(t)} and its associated aggregate divi-
dends process when x = 3, l = 4.5, µ = 1 and σ = 1.

their investment, this is possible only if the surplus is part
of a bigger portfolio. These negative dividends are then
to be interpreted as transfers from other surpluses within
the same portfolio. As long as the surplus of the bigger
portfolio remains positive, the surplus of a sub-portfolio
can become negative, effectively becoming subsidised by
the other surpluses. From that point of view, g cannot be
interpreted as a rate of interest on the negative surplus.
Furthermore, there is no reason why such a rate of debit
interest should be equivalent to the one of the dividend
pay-outs when the surplus is positive.

In order to solve (2.2), we apply Itô’s lemma to egtX(t),
compare with (2.2) and integrate from t1 ≥ 0 to t2 > t1.
This yields

X(t2) = e−g(t2−t1)X(t1) +
µ

g

(
1− e−g(t2−t1)

)

+e−gt2

∫ t2

t1

σegv dW (v). (3.1)

Since σegt is deterministic, X(t2) is Gaussian, and the
conditional expectation of the integral (over finite time) on
the second line is null by the properties of the stochastic
integral (see Klebaner, 2005, Theorem 4.3). It follows that

E[X(t2)|X(t1)] = e−g(t2−t1)X(t1) +
µ

g

(
1− e−g(t2−t1)

)
.

(3.2)
Consider now the aggregated dividends (discounted to

time 0) paid from time t1 to time t2

∆t1,t2 =
∫ t2

t1

ge−δvX(v)dv

∣∣∣∣ X(t1), (3.3)

given the initial surplus at time t1, and for a given revert-
ing level l. We have

E[∆t1,t2 ] = e−δt1
[µ

δ

(
1− e−δ(t2−t1)

)

+
1

1 + α
(X(t1)− l)

(
1− e−g(t2−t1)

)]
, (3.4)

where
α =

δ

g
=

δl

µ
. (3.5)

Equation (3.4) has an interesting interpretation. It is the
discounted value of a continuous annuity certain between
t1 and t2, corrected by a factor reflecting the distance be-
tween the initial surplus X(t1) and the reverting level l.
If X(t1) = l, the expected present value of the dividends
paid between t1 and t2 is thus the same as the one of an
annuity certain with payment rate µ for that same amount
of time. This could have been anticipated in view of (2.5).

We now turn our attention to the variance of ∆t1,t2 .
Since for t1 < v < t2

Cov
(
ge−δt2X(t2), ge−δvX(v)|X(t1)

)

= σ2g2e−δ(t2+v)e−g(t2+v)

∫ v

t1

e2gs ds

=
σ2ge−δ(t2+v)e−g(t2+v)

2
(e2gv − e2gt1), (3.6)

we have

Var (∆t1,t2)

= 2
∫ t2

t1

∫ v

t1

gσ2e−(δ+g)(u+v)

2
(e2gu − e2gt1) du dv

= 2g2σ2e−2δt1

{
1− e−(δ+g)(t2−t1)

(δ + g)2(δ − g)

+
1− e−2(δ+g)(t2−t1)

4g(δ + g)2
− 1− e−2δ(t2−t1)

4δg(δ − g)

}
. (3.7)

As X(t) is Gaussian, ∆t1,t2 is also Gaussian; this follows
from an application of Fubini’s theorem for stochastic inte-
grals (see Revuz and Yor, 2001, Chapter IV, pp. 175–176).
Thus, (3.4) and (3.7) are enough to specify the entire dis-
tribution of ∆t1,t2 .

Let us now restrict our study to the present value of
all dividends paid from time 0, which we denote as

Dx = lim
t2→∞

∆0,t2 , (3.8)

where x = X(0). We have then

E[Dx] =
1

1 + α

(µ

δ
+ x

)
(3.9)

=
µ

δ
− 1

1 + α
(l − x), and (3.10)

Var(Dx) =
1
2δ

(
1

1 + α

)2

σ2, (3.11)
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where (3.10) follows from (3.9) and

α
µ

δ
= l. (3.12)

The expected present value of dividends in (3.10) is equal
to a perpetuity of rate µ, plus the difference between the
initial surplus and the mean-reverting level, corrected by a
certain factor. This subtraction to the perpetuity acknowl-
edges the profit (or cost) incurred by the initial trip of the
process to the reverting level l. The difference (l − x) is
corrected to reflect the profit (or loss) of dividends, as well
as the time value of money. Indeed, the correction factor
1/(1+α) is a function of both g and δ; see (3.5). Further-
more, it follows from (3.10) and (3.11) that the coefficient
of variation of Dx,

CV(Dx) =
√

δ

2
σ

µ + δx
, (3.13)

is, surprisingly, independent of l (or equivalently, g).

4. The time of the first passage to level a

In this section we are interested in determining the
Laplace transform of the first passage of (2.2) to the level
a,

τx;a = inf {t : X(t) = a |X(0) = x} . (4.1)

Existing results about the classical Ornstein-Uhlenbeck
process can be used, but some manipulations are required.

Consider first an Ornstein-Uhlenbeck process {V (t)}
with dynamics

dV (t) = −gV (t)dt− dW (t), (4.2)

where V (0) = v. The solution of (4.2) is

V (t) = e−gt

(
v −

∫ t

0
egtdW (t)

)
. (4.3)

For a constant −a > v, the Laplace transform of the first
passage time to a of {V (t)}, τV

v;−a, is

E
[
e−δτV

v;−a

]
=

h(v; g)
h(a; g)

, (4.4)

where
h(x; g) = e

1
2 gv2

D
(
−α,−

√
2g · v

)
; (4.5)

see Alili et al. (2005), and the references therein. Here
D(· , ·) represents the parabolic cylinder function (see Abra-
mowitz and Stegun, 1972, Chapter 19).

To convert the Laplace transform of τV
v;−a to that of

τx;a, we need to make several adjustments and alterations.
First, let us add an additional drift to (4.2). The resulting
process,

dV1(t) = µ1dt + dV (t), (4.6)

has solution

V1(t) =
µ1

g
+ e−gt

(
v − µ1

g
−

∫ t

0
egtdW (t)

)
. (4.7)

It follows from the comparison of (4.3) with (4.7) that

E
[
e−δτ

V1
v;−a

]
=

h(v − µ1/g; g)
h(a− µ1/g; g)

. (4.8)

Second, we scale {V1(t)} by σ such that

V2(t) = σV1(t). (4.9)

Simple algebra yields

dV2(t) = −µdt− gV2(t)dt− σdW (t), (4.10)

where we set −σµ1 = µ. Finally, observe that if −σv = x,
X(·) and V2(·) are mirror images of each other around the
level 0 and thus

τx;a = τV2
v;−a (4.11)

almost surely. Hence, appropriate change of variables in
(4.8) yields

E
[
e−δτx;a

]
=

h

(
l − x

σ
; g

)

h

(
l − a

σ
; g

) , a < x. (4.12)

As {X(t)} is a recurrent diffusion (see Klebaner, 2005,
Theorem 6.27-6.28),

ψ(x; a) = Pr[τx;a <∞] = 1 (4.13)

for all a < x.

Remark 4.1. Parabolic cylinder function are implemented
in standard mathematical softwares such as Mathematica
or Maple and do not cause any numerical problems to com-
pute.

Furthermore, numerical schemes to calculate the den-
sity of τx;a from (4.12) are readily available; see, for in-
stance, Alili et al. (2005) and the references therein.

5. Dividends when the surplus is absorbed at a

We now assume that the business stops when the sur-
plus reaches some pre-specified level a < x. It is worth-
while to allow this absorbing barrier to be different from
0 (which is the classical definition of ruin). On one hand,
solvency regulations may require a minimum level of sur-
plus a > 0 at any time. On the other hand, the business
whose surplus is considered may be part of a bigger port-
folio, therefore allowing a < 0.

We denote the present value of dividends until absorp-
tion by

Dx;a =
∫ τx;a

0
e−δtgX(t)dt, a < x = X(0). (5.1)

4



Using a simple probabilistic argument, results from Sec-
tions 3 and 4 can easily be combined to get

E [Dx;a]
= E [Dx]− E

[
e−δτx;a

]
E [Da] (5.2)

=
1

1 + α

[(µ

δ
+ x

)
− E

[
e−δτx;a

] (µ

δ
+ a

)]
(5.3)

=
µ

δ

(
1− E

[
e−δτx;a

])

− 1
1 + α

[
(l − x) + E

[
e−δτx;a

]
(a− l)

]
(5.4)

The interpretation of (5.4) is similar to the one of (3.10).
The expected present value of dividends is equal to the
present value of an annuity certain, plus a correction due
to the journey of the process to l first, and the journey to
a then.

Remark 5.1. In a model with a < 0, contributions are
made to the surplus when it is negative (a < X(t) < 0).
One may then wonder whether there is an optimal value
for a, that is, a lowest threshold under which the penalty of
contributions would overcome the benefit of later absorp-
tion. This would lead to a similar concept to the one of ab-
solute ruin when shareholders pay debit interest; see Ger-
ber (1971), Dassios and Embrechts (1989), or Cai et al.
(2006). However, such a study leads to a trivial solution.
Since

d

da
E [Dx;a]

= −
(

d

da
E

[
e−δτx;a

])
E [Da]−

E
[
e−δτx;a

]

1 + α
(5.5)

is always negative for all a < x, such a threshold does not
exist.

Remark 5.2. In their first modification, Dickson and Wa-
ters (2004) propose to consider the net profit of investing
the initial surplus, provided the shareholders have to shoul-
der the deficit at ruin. This responsibility can be extended
in our context to any final surplus a, assuming that this
final amount, if positive, would be distributed to the share-
holders as a final lump sum dividend. The expected present
value of dividends in this context becomes

E
[
D′

x;a

]

= E [Dx;a]− x + E
[
e−δτx;a

]
a (5.6)

=
µ

δ

(
1− E

[
e−δτx;a

])

− 1
1 + α

[
(l − αx) + E

[
e−δτx;a

]
(αa− l)

]
. (5.7)

Remark 5.3. Using similar arguments as in Cai et al.
(2006), the integro-differential equation for the expected
present value of dividends can be shown to be

1
2σ2f ′′(x) + (µ− gx)f ′(x)− δf(x) = 0, (5.8)

where f(x) = E [Dx;a]. After some transformations, this
IDE can be modified into a differential equation of the form

th′′(t)−
(

1
2 − t

)
h′(t)− 1

2αh(t) = 0, (5.9)

which is a confluent hypergeometric differential equation
(also called Kummer differential equation) with parameters
α and 1

2 ; see Cai et al. (2006, Appendix A) and the refer-
ences therein. The solution of such a differential equation
involves the Kummer hypergeometric functions, which are
(unsurprisingly) themselves related with the functions dis-
cussed in Remark 4.1. However, determining initial con-
ditions to solve (5.9) in the general context considered in
this paper is not trivial.

6. Dividends with an additional safety constraint

So far, dividends were assumed to be paid even when
the surplus was close to its absorption level a ≡ a0. In such
a situation however, safety concerns may override concerns
about the regularity of dividends.

In this section, we assume that the company stops pay-
ing dividends when its surplus downcrosses a1 ≥ a0. If
the company subsequently recovers, that is, if its surplus
reaches an acceptable level a2 > a1, dividend payments re-
sume. In-between dividend payment periods, the surplus
process is the one described in (2.1). Note that a2 > a1

also ensures the absence of sporadic dividend payments
that would occur because of oscillation if a2 was the same
as a1. We denote

a = {a0, a1, a2} (6.1)

as the set of these three variables. These are not neces-
sarily decision variables and may be subject to regulatory
constraints. For instance, a0 and a1 could be the Minimum
Capital Requirement and Solvency Capital Requirement,
respectively, under the framework of the new European
regulatory system Solvency 2.

In order to derive the expectation of the present value
of dividends Dx;a in this configuration, we will need the
following stopping times for (2.1). Let

ηx;a = inf {t : U(t) = a0 or U(t) = a2 |U(0) = x} (6.2)

if a0 < x < a2 such that

νx;a = ηx;a if U(ηx;a) = a2 (6.3)

is the time of recovery for initial surplus x, if the surplus
is not absorbed in the meantime. A closed form represen-
tation for the Laplace transform of νx;a can be found in
Lin (1998, Equation 16).

Assume first that the company is allowed only one re-
covery. The expected present value of dividends is then

E
[
D(1)

x;a

]
=

{
E [Dx;a1 ] + φ E [Da2;a1 ] x > a2,
E

[
e−δνx;a

]
E [Da2;a1 ] a0 < x ≤ a2,

(6.4)

5



where
φ = E

[
e−δτx;a1

]
E

[
e−δνx;a

]
, x > a1 (6.5)

is the expected present value of one dollar at recovery (hap-
pening before absorption), if dividends have been stopped
in the meantime.

Since (6.5) lies between 0 and 1 for δ > 0, (6.4) can be
easily generalised to an infinite number of recoveries,

E [Dx;a] =






E [Dx;a1 ] +
φ

1− φ
E [Da2;a1 ] x > a2,

E
[
e−δνx;a

]

1− φ
E [Da2;a1 ] a0 < x ≤ a2.

(6.6)
In (6.6) we assumed that a company with initial surplus
a1 < x < a2 does not pay any dividend until it reaches
a2 for the first time. If we assume it does, it suffices to
replace a2 by a1 in the inequalities.

Note that the safety constraints a defined in this sec-
tion do not alter the mean reverting behaviour of the div-
idend strategy. It merely states that the surplus has a
constant drift of µ when it is below a1 in order to avoid
absorption. However, if a1 > l, the process will mainly os-
cillate in the band (a1, a2) and the dividend strategy loses
some of its stabilising properties.

7. The optimal reverting level

The dividend strategy described in this paper is mean
reverting around µ, and this, whichever parameter g or
l is selected. Without absorption, the optimal choice of
parameter is trivial; see Section 7.1. When an absorbing
barrier a is introduced, the optimal parameter of the mean
reverting strategy is not a corner solution any more and
is the result of a trade-off, as higher g (lower l) will even-
tually penalise the present value of dividends by earlier
absorption. This is discussed in Section 7.2.

7.1. Without absorption
The expectation of the present value of dividends in

(3.9) increases monotonically from 0 to

µ/δ + x (7.1)

as g goes from 0 to the infinity, or alternatively, when l goes
from the infinity to 0. Thus, without any other constraint,
the optimal reverting level is l∗ = 0. The infinite rate of
dividends means that (2.2) will stick to 0 (all oscillations
are immediately compensated by dividends or contribu-
tions). This strategy implies an immediate dividend of x
at time 0 and then dividends exceeding contributions at a
rate µ per unit of time, as hinted by (7.1).

Remark 7.1. One may want to limit the variability of
the process by introducing a ceiling to the variance of the
present value of dividends.

Figure 2: Optimal reverting level and barrier in function of the initial
surplus x when µ = 1, σ = 0.5, δ = 0.05 and a = 0.

First note that the variance of the present value of div-
idends increases monotonically from 0 to a finite

σ2

2δ
(7.2)

as g goes from 0 to the infinity. Assume the desired stan-
dard deviation is a proportion 0 ≤ β ≤ 1 of the maximum
achievable standard deviation. It stems from (3.13) that

E [D∗
x] = β

(µ

δ
+ x

)
(7.3)

and that
Var [D∗

x] = β2 σ2

2δ
. (7.4)

Hence,

α∗ =
1− β

β
⇔ g∗ =

δβ

1− β
. (7.5)

7.2. With absorption
We restrict ourselves here to the setting described in

Section 5 where dividends are always paid until absorption,
that is, we want to maximise E [Dx,a] as in (5.3)-(5.4).

It follows from first order conditions that the optimal
mean reverting rate g∗—from which l∗ follows by (2.4), is
the solution of

α

1 + α

(
µ + δx

µ + δa
− E

[
e−δτx;a

])
= g

d

dg
E

[
e−δτx;a

]
. (7.6)

Since x > a and 0 < E
[
e−δτx;a

]
< 1, the left hand side

of (7.6) decreases monotonically from a (strictly) positive
number to 0 as g goes from 0 to the infinity. Furthermore,
since d

dg E
[
e−δτx;a

]
> 0, the right hand side of (7.6) in-

creases monotonically from 0 to the infinity as g goes from

6



0 to the infinity. Hence, a solution g∗ > 0 always exists
and is unique. It follows from (7.6) that

E
[
D∗

x;a

]
=

µ + δa

α2

(
d

dg
E

[
e−δτx;a

])
; (7.7)

which does not seem to have any particular interpretation.
The optimal reverting level l∗ = l∗(x) depends on the

initial surplus x. For higher levels of initial surplus x
(around l∗(x) or above), the effect of x is marginal. It
is only when x is relatively close to a that l∗(x) will be
higher in order to counteract the risk of absorption. It is
interesting to note that the optimal reverting level has a
finite limit as x approaches a,

lim
x→a

l∗(x) = µ

(
lim
x→a

d

dg
E

[
e−δτx;a

])
. (7.8)

This is illustrated in Figure 2, where a = 0.

8. Comparison with a barrier strategy

In this section, we compare the mean reverting strategy
with the barrier strategy under the classical definition of
ruin (a = 0). In a barrier strategy b, the level b acts as
a reflective barrier, that is, any excess surplus over that
level will be immediately paid as a dividend. When the
surplus is below b, no dividend is paid. The process drift
in a barrier strategy is thus µ anywhere below b, but minus
infinity (with a slight abuse of language) above the barrier.

Since the drift (2.3) of the modified process (2.2) goes
from µ when the surplus is null to minus infinity for infi-
nite surplus, the mean reverting strategy can be seen as
a smoothed version of the barrier strategy. Moreover, it
results in more regular dividends, because of the mean
reverting nature of the process, and also because of the
absence of periods where no dividend is paid.

However, the barrier strategy is the one that maximises
the expected present value of dividends in model (2.1).
The optimal barrier

b∗ =
1

r − s
ln

s2

r2
, (8.1)

where r and s are the positive and negative roots, respec-
tively, of the characteristic equation

1
2σ2ξ2 + µξ − δ = 0, (8.2)

is independent of x; see Gerber and Shiu (2004). Because
of the additional risk implied by the payment of dividends
below the reverting level, b∗ is in general lower than l∗(x);
this is illustrated in Figure 2.

In what follows we compare the distribution of the
present value of dividends in both mean reverting and
barrier strategies (Section 8.1). We then compare the vari-
ability of the dividend pay-outs in both strategies (Section
8.2). All numerical results in this section have been com-
puted using Monte Carlo methods; see Appendix A for
more details.
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Figure 3: Scatterplot of 10,000 couples of outcomes for the present
value of dividends when dividends are distributed according to a
barrier strategy and a mean reverting strategy.

8.1. Present value of dividends
A scatterplot of 10,000 outcomes of the present value of

dividends in both cases of a barrier b∗ and a mean reverting
l∗ strategies is displayed on Figure 3. All points above the
45 degrees line represent the cases when the mean reverting
strategy outperformed the barrier strategy. Although the
optimality of the barrier strategy is apparent where most
of the points are, these are close to the line, indicating that
outcomes were similar in most of the cases. The two bands
around 15-20 show cases when one strategy was ruined
before the other.

Tables 1 to 3 display Monte Carlo estimates of the ex-
pected present value of dividends in both mean reverting
and barrier strategies for different constellations of param-
eters. Means are indicated with their standard error, and
‘CV’ stands for the coefficient of variation of the present
value of dividends.

In general, the mean reverting strategy is very close
to the barrier strategy, especially for high x, low σ, and
low δ. However, the barrier strategy always outperforms
the mean reverting strategy, and this not only in terms of
expectation, but also for (almost) all of its quantiles. The
only exception is for the first quantile, as sample paths that
are very quickly ruined (before they can reach the barrier)
will have some positive amount of dividends with the mean
reverting strategy but not with the barrier strategy.

Although the variance (and coefficient of variation) of
the mean reverting outcomes are always higher than the
ones of the barrier outcomes, it cannot be concluded that

7



MR strategy l∗(x) Barrier strategy b∗

x Mean (s.e.) CV Mean (s.e.) CV

0.1b∗ 11.484 (0.089) 0.777 12.644 (0.091) 0.721
0.5b∗ 18.396 (0.032) 0.174 19.323 (0.023) 0.121
b∗ 19.259 (0.023) 0.122 19.999 (0.019) 0.096

1.5b∗ 19.902 (0.021) 0.104 20.625 (0.019) 0.091
2b∗ 20.521 (0.020) 0.097 21.271 (0.019) 0.087

Table 1: Expected present value of dividends for different initial
surpluses x with µ = 1, δ = 0.05 and σ = 0.5.

MR strategy l∗(x) Barrier strategy b∗

σ Mean (s.e.) CV Mean (s.e.) CV

0.1 19.895 (0.007) 0.033 19.967 (0.003) 0.016
0.5 18.396 (0.032) 0.174 19.323 (0.023) 0.121
1 16.047 (0.055) 0.342 18.000 (0.046) 0.257

Table 2: Expected present value of dividends for different volatilities
σ with x = 0.5b∗(σ), µ = 1 and δ = 0.05.

MR strategy l∗(x) Barrier strategy b∗

δ Mean (s.e.) CV Mean (s.e.) CV

0.01 97.536 (0.084) 0.086 98.988 (0.058) 0.058
0.05 18.396 (0.032) 0.174 19.323 (0.023) 0.121
0.10 8.709 (0.021) 0.242 9.403 (0.016) 0.175

Table 3: Expected present value of dividends for different interest
rates δ with x = 0.5b∗(δ), µ = 1 and σ = 0.5.

the mean reverting strategy leads to more variable divi-
dend pay-outs, as we discuss in the next section.

Remark 8.1. Cheung et al. (2008) minimise the coeffi-
cient of variation of the present value of dividends. This
considers the variance of the present value of dividends,
albeit not the variability of the strategy itself (as a flow of
dividends). Hence, their focus is more on the overall risk
associated with (or variability of) the dividend pay-outs,
rather than their regularity.

Remark 8.2. Even though the optimal reverting level de-
pends on the initial surplus, the calculations shown in this
section are still valid. The l∗(x) are the ones that max-
imise the expected present value if the initial surplus is x,
and if one cannot modify the reverting level in the future.
If one could change the reverting level dynamically, cal-
culations in this paper would act as lower bounds for the
optimal present value of dividends with a (dynamic) mean
reverting strategy.

8.2. Variability of dividend pay-outs
For expositary purposes, we focus in this section on a

given set of parameters. The parameters of the process
have been arbitrarily chosen as µ = 1, σ = 1, δ = 0.05
and x = 3. The properties described in this section hold
for other constellations of parameters. In this context, the
optimal barrier b∗ is 3.563 and the optimal mean reverting
level for an initial surplus of x = 3 is 4.506.

The parameters described above are the ones that were
used to simulate the sample path on Figure 1. Figure

0 5 10 15

0
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1
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Aggregate dividends for the mean reverting strategy

t

Figure 4: Comparison of the sample paths of the aggregate dividends
process with a barrier strategy and a mean reverting strategy.

4 shows how a barrier strategy b∗ would have performed
in comparison (for the same sample path). The higher
variability of the barrier pay-outs is apparent, as well as
the periods without dividends at all.

Figure 5 allows us to illustrate how aggregate dividends
for one unit of time relate to each other over time. It dis-
plays scatterplots of (undiscounted) dividends paid from
a year to another, for a barrier strategy b∗ (on the left)
and a mean reverting strategy l∗(3) (on the right), be-
tween the first and second year (top row) and between
the 19th and 20th year (bottom row). Dividend pay-outs
seem unrelated in the barrier strategy. On the other hand,
they are much more compact and more on a 45 degrees
line for the mean reverting strategy, especially after 20
years, when the process has (arguably) reached its revert-
ing level. Note that the barrier strategy plots show points
on both axes; these reflect years without any dividend pay-
out. The points with coordinates (0 , 0) in the bottom right
plot indicate sample paths that were ruined prior to the
19th year.

Rather than comparing dividend pay-outs from a year
to another within the same strategy, Figure 6 shows scat-
terplots of dividend pay-outs between both strategies for
the 1st and 20th year, respectively. The highest variability
of the barrier strategy for a given year is manifest. Dots
on the vertical axis are explained by years without divi-
dends or ruin. However, the dots on the horizontal axis
show cases where the mean reverting strategy was ruined
before the barrier strategy.

Figure 7 shows the serial correlations between the an-
nual aggregate dividends paid in the first 20 years for

8
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Figure 5: Comparison of aggregate dividends from year to year.
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Figure 6: Comparison of aggregate dividends between dividend
strategies.

the barrier strategy (top) and the mean reverting strat-
egy (bottom). In the case of the barrier strategy, dividend
pay-outs seem uncorrelated, even though some (weak) cor-
relation can be observed between successive years. Con-
versely, mean reverting dividend pay-outs are highly cor-
related, even for gaps of several years.

Appendix

A. Monte Carlo simulations

Sample paths of (2.2) were simulated with a discreti-
sation step of h = 1/n and for a = 0. Increments of (2.1)
over a period of time h—denoted Wh—have a Normal dis-
tribution with mean µh and variance σ2h.

In order to generate sample paths of {X(t)} we used
the following recursive algorithm, for a given time t ≥
0, and for positive initial surplus x0. In case of a mean
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Figure 7: Serial correlations between the annual aggregate dividends
paid in the first 20 years for a mean reverting dividend strategy
l = l∗(3) (on the left) and a barrier strategy b∗ (on the right),when
x = 3, µ = 1 and σ = 1.

reverting strategy,

X(t−) = x0, (A.1)
X(t+) = (1− g)x0, (A.2)

X(t + h−) = X(t+) + Wh. (A.3)

With a barrier strategy, this is modified to

X(t−) = x0, (A.4)
X(t+) = min(X(t−), b), (A.5)

X(t + h−) = X(t+) + Wh. (A.6)

In both cases, if X(t + h−) is negative or null, the process
is stopped, otherwise recursions are continued in a similar
fashion until a given time tmax(γ) satisfying

e−δtmax < 10−γ ⇔ tmax(γ) =
⌈

γ ln 10
δ

⌉
. (A.7)
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The dividends X(t+)−X(t−) generated by the steps (A.2)
and (A.5) are discounted to time 0 and aggregated until
the process is stopped.

Simulations were performed simultaneously for both
dividend strategies (using the same outcomes of Wh’s),
leading to couples of outcomes for the present value of
dividends. Unless stated otherwise, all the results shown
in this paper were computed by simulating 10,000 sam-
ple paths for each set of parameters, with n = 400 and
γ = 15. They were performed with the statistical software
R. Normal random variates were simulated using the in-
version method with a Mersenne-Twister seed (with period
219937 − 1).

Note that the algorithm described in (A.1)–(A.3) above
corresponds to an Euler scheme (see Kloeden and Platen,
1992, Section 9.1). Although alternative methods are avail-
able to simulate an Ornstein-Uhlenbeck process without
discretization error, we have selected the Euler scheme to
allow for direct comparison with the results from the bar-
rier strategy, and also control for discretization error by
selecting h small.
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