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General context

m Risk sometimes quantified as function of the tail of the
portfolio distribution.

m Portfolio distribution difficult to evaluate analytically.
Simulation viable alternative.

m Large number of simulations needed for accurate
quantification of risk.

m Possible reduction of computational cost by efficient
sampling (e.g. importance sampling).
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Main message

If you can design efficient importance sampling algorithms for
rare event probabilities you can also compute risk measures
efficiently.
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Risk measures

Risk measures
Value-at-Risk and Expected Shortfall

Consider a random variable X, representing e.g. the loss of a
financial portfolio at time 1. Let F be both the distribution of X
and the tail function, i.e. F(x) = F(x, o0).

m Value-at-Risk:

VaR;_p(X) = F~'(p) = inf{x : F(x) < p}.

where p is small; say 0.005.
Henrik Hult
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Risk measures
Value-at-Risk and Expected Shortfall

Consider a random variable X, representing e.g. the loss of a
financial portfolio at time 1. Let F be both the distribution of X
and the tail function, i.e. F(x) = F(x, o0).

m Value-at-Risk:

VaR;_p(X) = F~'(p) = inf{x : F(x) < p}.

m Expected shortfall:

ES;_p(X) = ;/Op F~1(u)du

where p is small; say 0.005.
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Risk measures

Risk measures by Monte Carlo
VaR

Computing Value-at-Risk by Monte Carlo:
m Generate Xj, ..., Xy independently from F.
m Form the empirical distribution/tail

N
’
Fn(A) = 4 > 6x(A), ABorel,
Jj=1

N
’
Fa(x) = NZI{X,- >x}, xeR,
j=1

where ¢, denotes a unit point mass at a; d5(A) = l{a € A}.
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Risk measures

Risk measures by Monte Carlo

VaR continued

m Estimate VaR;_, by Fy,'(p) where

Fy'(p) = inf{x : Fn(X) < p} = -+ = Xingl 11,85

where X; v > ... Xy v is the ordered sample and [g] is the
integer part of a.

m Potential problem: when p is small, N must be large.
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Risk measures

Risk measures by Monte Carlo
Expected Shortfall

Computing Expected Shortfall by Monte Carlo:

m Generate Xj, ..., Xy independently from F and form Fy,.
m Compute the estimate

o)
;/0 Fy' (u)du = {picture}
[Npl
1 XN [Ne]
=p<z I]V (p—"x )X[Np]+1,/v)-
=
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Risk measures

Risk measures by importance sampling

First VaR calculation

A first approach to computing Value-at-Risk by importance
sampling based on efficient simulation of probabilities.

m Guess a value xp for VaRy_,. Compute P(X > xp) by I.S.
This yields estimate py.

m If Py > p, then xp is too small. Take x; = 2xp. If pg < p,
then xg is too large. Take x; = xp/2.

m Continu e until you have x,. < VaR < x*. Then use
bisection method and iterate to find VaR.

m Method is “efficient” because each probability can be
simulated efficiently by I.S.
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Risk measures

Risk measures by importance sampling
VaR

A second approach to computing Value-at-Risk by importance
sampling (this is the one we use):

m Generate Xj, ..., Xy independently from the distribution G.
m Form the weighted empirical distribution/tail

1 L oF
Gn(A) = 4 > -G X)x(A), ABorel,

N
Gn(x) = ,1\/2 dg(X)/{x >x}, xeR.
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Risk measures

Risk measures by importance sampling

VaR continued

m Estimate VaR;_, by G,'(p) where

Gp'(p) = inf{x : Gn(x) < p} = {picture} = Xk n,
k=inf{lm:wy +-- -+ wy > p},

and w; = Z5(X)
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Risk measures

Risk measures by importance sampling
Expected Shortfall

Computing Expected Shortfall by importance sampling:
m Generate Xj, ..., Xy independently from G and form Gy,.
m Compute the estimate

/ G u)du = {picture}

(ZW/ N+ (P — kZiW/ XkN)
j=1
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Risk measures

Non-linear functionals

The computation of risk measures can be viewed as a special
case of estimating a functional ¢(F) by ¢(Gy).

m Special case ¢, = F(h) = [ hdF = E[h(X)]. Then ¢(Gn)
is linear.

m For risk measures ¢ is non-linear. This introduces bias
which will be ignored.

m The point is that Gy should provide an accurate
description of F in the desired region.

m To provide an accurate description a 'good’ sampling
distribution G, must be selected.
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Computing risk measures by importance sampling



Asympotic theory: empirical processes and importance sampling
[ Jele}

Overview

Outline

Asympotic theory: empirical processes and importance
sampling
m Overview

Henrik Hult

Computing risk measures by importance sampling



Asympotic theory: empirical processes and importance sampling
o] le}

Overview

Asymptotic theory

Overview

m Somewhat in contrast to rare event probabilities a central
limit theorem will be used as N — .

m This limit procedure eliminates some sources of error
(bias).

m The asymptotic variance af, in the CLT will depend on the
level p of the quantile/ES.

m The properties of the asymptotic variance ag for small pis
used to measure efficiency.
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Asymptotic theory

Slighty more detailed overview

m Suppose the empirical measures satisfies a CLT
VN(Gy - F) % Z,
where Z is centered Gaussian,
m ... and the delta-method implies (more on this below)
VN($(Gn) = ¢(F)) % ¢£(2),
m then the asymptotic variance Var(¢-(Z)) is a possible
measure of efficiency.

Objective: select sampling distribution G, to get Var(¢-(2)) of
size comparable to ¢(F)>2.
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Empirical process theory

Empirical processes

Preliminaries'

m Let F be a collection of real-valued functions.

m Fy can be viewed as a map: F — R by f — Fy(f).

m The empirical process Zy(f) = VN(Fn(f) — F(f)) can be
viewed as a map from Q into /°°(F) equipped with uniform
metric.

m The collection F is called F-Donsker if Zy = Z in [°°(F),
for some limiting process Z.

van der Vaart and Wellner (1996)
Henrik Hult
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Empirical process theory

Empirical processes

Donsker’s theorem

m Let 7, be the collection of indicator functions x — I{x > t},
t>a.

m Donsker’s theorem says
Zny=VN(Fn—F) 2 BoF, inl™®(F_s),

where B is Brownian bridge on [0, 1].
m The right hand side should be interpreted as:

BoF(I{-> 1) = //{x > t}F( dx)) B(F(t)).

Henrik Hult
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Empirical process theory

Empirical processes
The delta method

m To obtain a central limit theorem for quantiles we need to
apply the quantile transform:

¢p(F) = F~'(p)-

Henrik Hult
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Empirical process theory

Empirical processes
The delta method

m To obtain a central limit theorem for quantiles we need to
apply the quantile transform:

¢p(F) = F~'(p)-

m Delta method: Let {X,}°° , be a sequence of real valued
random variables such that /n(X, — 0) = Z.
m Then, for nice function v

Vn(p(Xn) = 1(0)) = V/n(y(0) + ¢'(0)(Xn — 6) — (0))
%/ (0)Z.
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Empirical process theory

Empirical processes

Hadamard derivative

m Let E; and E, be two metric spaces.
m A mapping ¢ : E; — E» is said to be Hadamard

differentiable at 6 tangentially to Ey C E; if there is a
continuous mapping ¢, (h) : E1 — E; such that

d(0 + thhn) — #(0)

2 gy(h)

for all sequences t, — 0 and h, — h, where h € E.

Henrik Hult
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Empirical process theory

Empirical processes
The delta method

m Let ¢ : E; — E> be Hadamard differentiable at 6
tangentially to Eq C E;.

m Let { X}, be a sequence of random variables taking
values in E;.

m Suppose (X, — 0) = X € Ey for some sequence of
constants r, — oc.

m Then rp(¢(Xn) — ¢(6)) = dp(X).

Henrik Hult
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Empirical process theory

Empirical processes

Convergence of empirical quantiles

m Let {X;}7°, be a sequence of independent and identically
distributed random variables with tail F.

m Suppose F has a continuous density f > 0 with respect to
the Lebesgue measure on the interval
[F7'(q) —¢, F'(p) +¢],for0<p<g<1ande>0.

m Then
B
/ -1 _ 1y w i[OO
N(FN F )—> fOF_1’ in/ [p7q]7
where the right-hand side refers to the random function
B(u)
RGOS
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Empirical processes and importance sampling
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Asympotic theory: empirical processes and importance
sampling

m Empirical processes and importance sampling
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Empirical processes and importance sampling

Empirical processes and importance sampling
The CLT

Let G be the sampling distribution and w(-) = 9&(.).
m Then, the weighted empirical measure

1

Gn(f) = N E(Xj)f(xj) = IFN(Wf),
j=1

where f € F, and [y is the empirical measure based on
Xj, generated from G;

N 1
Fa(f) = 5 22 1(%).
j=1

Henrik Hult
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Empirical processes and importance sampling

Empirical processes and importance sampling
The CLT

m In particular, VN(Gn(f) — F(f)) 2 Z in I°°(F,) precisely if
wWF4is G-Donsker.

m A sufficient condition for wF, to be G-Donsker is that 75 is
G-Donsker and Eg[w(X))?I{X; > a}] < .

Henrik Hult

Computing risk measures by importance sampling



Asympotic theory: empirical processes and importance sampling
ooo0e

Empirical processes and importance sampling

Empirical processes and importance sampling

Identifying the limit process

The limiting process Z is centered Gaussian with covariance
function

Q(Xa y) = NCOV(GN(X)7 GN(y))
= EG[GN(X)GN(Y)] — EGIGN(X)]EG[GN(Y)]

- 1NE,_—[W(X)/{X >y} - %F(X)F(y),

wheny > x > a.

Henrik Hult
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Asympotic theory: empirical processes and importance
sampling

m Risk measures by importance sampling
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Risk measures by importance sampling

VaR by importance sampling
CLT

Theorem Let Z be centered Gaussian with covariance .
Suppose F has a continuous density f > 0 with respect to the
Lebesgue measure on the interval [F~1(q) — ¢, F~1(p) + €], for
O<p<g<itlande>0.Then

—1

— W, F 1 [e.9]
\/N(GN1 1) o F— N =2 in/ [pa q]a
where the right-hand side refers to the random function
Z(F~(u))
U RET)
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Risk measures by importance sampling

ES by importance sampling
CLT

Expected shortfall is given by
1 [P —1
ES1_p(X) = P/o F1(u)du =: yp(F ).

It is estimated by vp(G').

Henrik Hult
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Risk measures by importance sampling

ES by importance sampling
CLT

Theorem Assume the hypotheses in the previous theorem
and in addition that p(x, x) = o([f(x)/F(x)]?) and

/ / o(x, y)dxdy < occ.
F='(p) /F~"(p)

Then

Henrik Hult
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Risk measures by importance sampling

Risk measures by importance sampling

Asymptotic variance analysis — VaR

m Performance will be evaluated by studying the asymptotic
variance as a function of p, for small p.

m For VaR the asymptotic variance is

Var (Z(F‘ (p))))

F(F~1(p))?
o(F'(p). F'(p))
(F '(p))?

Henrik Hult
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Risk measures by importance sampling

Asymptotic variance analysis — VaR

m The main term E£[w(X)/{X > F~'(p)}] is the 2nd moment
of a rare event simulation algorithm with sampling
distribution G for computing the probability P(X > F~'(p)).

m In the ideal world: if we knew F~'(p) and could design an
efficient rare event simulation algorithm for computing
P(X > F~'(p)), then we could design an efficient
simulation algorithm for computing F~'(p).

Henrik Hult
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Risk measures by importance sampling

Asymptotic variance analysis — VaR

m The main term E£[w(X)/{X > F~'(p)}] is the 2nd moment
of a rare event simulation algorithm with sampling
distribution G for computing the probability P(X > F~(p)).

m In the ideal world: if we knew F~'(p) and could design an
efficient rare event simulation algorithm for computing
P(X > F~'(p)), then we could design an efficient
simulation algorithm for computing F~'(p).

m ... but we don’'t know F~'(p) and unfortunately we do not
live in an ideal world. ..

Henrik Hult
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Risk measures by importance sampling

Asymptotic variance analysis — VaR

m Suppose we can make a rough guess of F~'(p) by up. For
instance by a large deviation approximation.

m Suppose we can design an efficient rare event simulation
algorithm with sampling distribution G for computing
P(X > up).

m [f the algorithm based on G is not too sensitive for small
deviations from u, then it can also be used for computing

F=1(p).

Henrik Hult
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Risk measures by importance sampling

Risk measures by importance sampling

Asymptotic variance analysis — ES

m For ES the asymptotic variance is

m If the sampling distribution G is close to the conditional
distribution of X given X > F~'(p), then is should be
efficient for computing ES.

Henrik Hult
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Regularly varying setting

Asymptotic analysis

m Suppose F is regularly varying with index —a.

m Suppose we can make a rough guess of F~'(p) by up
such that u, ~ F~1(p).

m Suppose we can design an efficient rare event simulation
algorithm with sampling distribution G, for computing
P(X > X), for any A.

m If the sampling distribution G, is insensitive to small
changes in the threshold, then G, is a desired sampling
distribution.

Henrik Hult
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The regularly

Regularly varying setting

Asymptotic analysis

m Suppose F is regularly varying with index —a.

m Suppose we can make a rough guess of F~'(p) by up
such that u, ~ F~1(p).

m Suppose we can design an efficient rare event simulation
algorithm with sampling distribution G, for computing
P(X > X), for any A.

m If the sampling distribution G, is insensitive to small
changes in the threshold, then G, is a desired sampling
distribution. what does it mean?

Henrik Hult
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Regularly varying setting—VaR

Proposition 1

m Suppose F is regularly varying with index —« and G, is
sampling distribution for computing P(X > \).

m If there is ¢y < 1 and a function ¢, continuous at 1, such
that for ¢ > ¢y,

, Er[wa(X){X > cA}]
limsu < p(c),
P R =9
where wy, = dF /dG,, then the variance af, for the VaRq_p
estimator satisfies

o’ (1) -1
limsu p__ ¥ .
p—>0p F=1(p)? ~ a?

Henrik Hult
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Regularly varying setting—Expected shortfall

Proposition 2

m Suppose F is regularly varying with index —a < —2 and G,
is sampling distribution for computing P(X > \).

m |f there is ¢y < 1 and a non-increasing function ¢, regularly
varying with index —a, such that for ¢ > ¢y,

. ErF[wa(X){X > cA}]
limsu < ¢(C),
eV
where w, = dF/dG,, then the variance o5 for the ES;_,
estimator satisfies

2

lim sup ——=—— < .
p—0 'Yp(F_1)2

Henrik Hult
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Performance for a random walk

True value

19.260

le-3 36.658

le-5 15474

le-3 62.000

le-3 232.01

Simulation of ESp(Sp) where Sy is a random walk Sp = Yq + - - - + Yp with P(Yy > x) = (1 + x) 3. Number of

samples for each estimate is N = 10%. The procedure repeated 100 times.
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