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Abstract

In this paper we consider a risk model with two classes of insurance risks in the presence of a
multi-layer dividend startegy. We assume that the two claim counting processes are, respectively,
Poisson and Sparre Andersen with generalized Erlang(2) claim inter-arrival times. We derive an
integro-differential equation system for the Gerber-Shiu functions for surplus-dependent premium
rates and as a special case we obtain an integro-differential equation system for the multi-layer risk
model. The solution of the above system is given in terms of the linearly independent solutions to
the associated homogeneous integro-differential equation system. The analysis of this homogeneous
integro-differential systems is considered using Laplace transforms. Then we provide a recursive
approach to obtain the general solution of the Gerber-Shiu functions.

Keywords. Compound Poisson process, Generalized Erlang risk process, Defective renewal equations,
Multi-layer dividend strategy, Intergro-differential equations, Rationally distributed claim severities.

1 Introduction

Dividend strategies for insurance risk models were first proposed by De Finetti (1957) to describe more
realistically the surplus cash flows in insurance portfolios. Most of the dividend strategies are of the
following two kinds: one is the constant barrier strategy and another is the threshold strategy. Strategies
involving a single horizontal barrier have been studied by Lin et al. (2003) for the classical compound
Poisson risk model and by Li and Garrido (2004b) for the renewal generalized Et)aig( model. On

the other hand, strategies involving a single dividend threshold have been studied by Dickson and Drekic
(2006), Lin and Pavlova (2007) for the classical compound Poisson risk model and by Albrecher et al.
(2007) for the renewal generalized Erlanytisk model.

Recently, the multi-layer dividend strategy, as an extension of the threshold dividend strategy has been
investigated in several papers. Zhou (2007), Lin and Sendova (2007), Albrecher and Hartinger (2007) con-
sidered a multiple-layer setting within the framework of the classical risk model, while Yang and Zhang
(2007) investigated the multi-layer strategy in the renewal generalized Exlang model. The central
focus of these papers is the characterization of the expected discounted penalty function, introduced by
Gerber and Shiu (1998), (see also Gerber and Shiu (2005)).

In recent years, many authors have studied various aspects of the so-called correlated aggregate claims
risk model. Yen et al. (2002) introduced a correlated risk process involving two dependent classes of
insurance risks, which can be transformed into a surplus process with two independent classes of insurance
risks, for which one claim number process is Poisson and the other is a renewal process witl2Erlang(
claim inter-arrival times. Li and Garrido (2005) consider a risk process with two classes of independent
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risks, namely the compound Poisson and the compound renewal with generalized Exlatey-arrival

times and they derived explicit results for the non-ruin probability. Li and Lu (2005) extended the results
of Li and Garrido (2005) by studying the Gerber-Shiu expected discounted penalty functions, when ruin
is caused by a claim belonging either to the first or the second class. A further investigation was made by
Zhang et al. (2009) by studying the Gerber-Shiu functions of Li and Lu (2005) when the claim number
process of the second class is a renewal process with generalized Eylsme(-arrival times. Recently,
Chadjiconstantinidis and Papaioannou (2009) consider the model of Zhang et al. (2009) and they study
the Gerber-Shiu functions in the presence of a constant dividend barrier strategy as well as the moments
of the discounted sum of the dividend payments until ruin. In the same paper a dividends-penalty identity
is derived. Finally Lu et al. (2009) extended the results of Li and Lu (2005) in the case where a threshold
dividend strategy is applied.

Motivated by the study of the compound Poisson and compound renewal model with multi-layer div-
idend strategy, we investigate some corresponding results in a risk model with two classes of claims in
which the two claim number processes are independent Poisson and generalized Egeragsses,
respectively.

First we start by introducing a general risk model with two classes of claims, in which the premium
rate is surplus dependent. LEE{¢) be the surplus process at timwith « = U(0), satisfying

dU(t) = c(U(t))dt — dS(t), ¢ >0, 1)

wherec(U(t)) is the premium rate at timg and c(x) is a positive deterministic function such that
[ile(z)]~*da < oo, for finite numbert > 0 and [°[c(z)]"'dz = co. We assume thaf (¢) is gen-
erated by two classes of insurance risks, namely

Ni(t) Na(t)
S(t)=S1(t)+Sa(t) = > Xi+ > Vi, t>0, (2)
=1 i=1

whereS;(t), i = 1,2, represents the aggregate claims up to tinfi®m thei-th class. Although such
models are usually studied in the context of correlated aggregate claims, here we assuing tlaaid
Sy(t) are stochastically independent. Under the independenég(of and S»(t) we may say that we
look at the impact on the surplus of an extra variability. The aggregate 'shocks’ (or cléirit$) from
the first class, is added independently to the natural random variability of the aggregate insurance claims
Sa(t), from the second class as in Li and Garrido (2005).

The random variables (r.v.] X;};°, are the positive claim severities from the first class, which are
independent and identically distributed (i.i.d.) r.v. with common distribution function (df(x) =
P(X < x), probability density function (p.d.f.); (x), meanm; and Laplace transform (LTH (s) =
JoS e " fi (x) dz. Similarly {Y;};°, are the positive claim severities from the second class, also as-
sumed i.i.d. rv with common d.fF; (z) = P(Y < z), p.d.f. fo(x), meanmy and LT f (s) =
f fs:(:f2

The claim number procedsV (t)};2, is assumed to be Poisson with parameteMore specifically,
the corresponding claim inter-arrival times, denoted{By; }.°,, are i.i.d. exponentially distributed r.v.
with parameter). In addition, { N> (¢)};°, is a renewal process with i.i.d. claim inter-arrival times
{Vi}:2,, which are independent ¢fi?;};°, and generalized Erlang)(distributed r.v., i.e.V; = L;; +
Lo, where{L; };2, are i.i.d exponentially distributed r.v. with paramefgr while {L;»}:°, are i.i.d.
exponentially distributed r.v. with parameter, (usuallyA; # \2).

We finally assume thgtX;}:2, and{Y;}:2, are mutually independent, independent of the claim num-
ber processe§N (1)}, {Na (1)}

LetT = inf{t > 0: U(t) < 0} (T = o if the set is empty) be the time of ruin, agdu) = P(T <
oo|U(0) = u), u > 0, be the ruin probability. The Gerber-Shiu expected discounted penalty function is
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defined as
o(u) = E (e Tw(U(T=), U1 r<a)|UO0) = u) w0, ®)

whered > 0 is interpreted as the force of interesi7'—) is the surplus immediately before ruid](7’)|

is the deficit at ruin]'— is the left limit of 7', w(x, y) is a non-negative bivariate functionefy > 0 and

1) represents the indicator function. It is well known that the expected discounted penalty function (3)
provides a unified approach to many important quantities related to the ruin time.

In the classical risk theory, due to the memory less property of the exponentially distributed claim inter-
arrival, the Gerber-Shiu function is time homogeneous. However in our risk model, due to the generalized
Erlang(2) distributional assumption for the inter-arrival claims of the second class, our risk process is no
longer time homogeneous. Thus for the expected discount penalty function defined in (3), we assume that
a claim from the second class occurs exactly at time 0.

More generally we can define the Gerber-Shiu function ,denotet{byr), as a bivariate function of
the current reserve and the length of time-, elapsed since the time of the last claim form the second
class (the surplus process renews itself at these points).We are interested in the Gerber-Shiu function at
time O, that isp(u, 0) = ¢(u) and the time of realization df;;, i = 1, 2, defined by

61(u) = E (7T 0w (U (T=) ,|U (T))) L gcoe) [U(H) = w, Ly = t). (4)
Then by the law of total probability we have

¢(u,7) = ¢(w)P(Li1 > 7) + ¢1(w)P(L11 < 1) = e 7 (u) + (1 — e M)y (w).

The rest of the paper is organized as follows: In section 2, we derive an integro-differential equation
system for Gerber-Shiu function for the surplus-dependent premium rate case. Using this a piecewise
integro-differential equation system for the Gerber-Shiu function is obtained under the multi-layer divi-
dend strategy. In section 3, we show that the solution to the above piecewise integro-differential equation
system can be expressed as a particular solution to the non-homogeneous integro-differential equation sys-
tem plus a linear combination solutions to the corresponding homogeneous integro-differential equation
system. Finally, in section 4 we obtain explicit recursive formulas for the Gerber-Shiu functions.

2 Integro-differential equation systems for the Gerber-Shiu functions

In this section, at first we derive an integro-differential equation system for the Gerber-Shiu fug¢tigns

and¢, (u) defined in (3) and (4) respectively for the general surplus process defined by (1)-(2), where the
premium rate is surplus dependent. Using this, by assuming that the premium rate is constant whenever
the surplus is between two consecutive layers, we obtain as a special case the integro-differential equation
system that satisfy the Gerber-Shiu functions for the corresponding risk model under the multi-layer
dividend strategy.

Theorem 1. For u > 0, if ¢(u) is differentiable at, then the Gerber-Shiu expected discounted penalty
functions¢(u) and ¢ (u) satisfy the following integro-differential equation system

() (1) = —Maa () + A+ A+ 6)d(u) — A /0 " o(u— ) fa () — M (u),
()’ (u) = — o /0 " b — @) fala)de — Aows(u) + (0 -+ Ag + 8)1 (u) (5)
— )\/Ou d1(u — ) fi1(x)dz — dwq (u),
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where

wy(z) = / Ty — o) f(y)dy = /0 T we ) fi(e 4 y)dy, =12 ®)

Proof. Let M = W; A Lq; and conditioning on the ever{d/ = ¢, M = Ly, } and{M = t, M = W1},
one has for, > 0

p(u) = /OOO e P(M =t, M = L11)é1 (U (t))dt

o U(t)
—ot — - - x)dx
+/0 e IP’(M_t,M_Wl)(/O oU(t) = z) fi(x)d

+ /U o VOO~ U(0) fl(ac)d:v> dt.

P(M = Ly) = B(W;, > L11) = 21— andP(M >

Since,P(M = Wy) = P(Wy < L11) = %/\1 A+A1L

M =Wy) =P(M > t|M = Ly1) = e-A+ADt it yields that
o) = / e OFATE G (1)) dt + / Aem AN (1 (1))t, @
0 0
whereg;(u) = [, ¢(u — 2) fj(x)dx + w;(u), j = 1,2. Now, using the fact thal/ () is an increasing
function and differentiable except at a finite number of points, we may change vasiablé(t) to Eq.
(7). Noting thatdU () = ¢(U(t))dt andU(0) = w imply thatds = c(s)dt and thatt = [ ()]t da
and hence

dlu) = )\1/ e~ (A+AL+0) [Tle@] ™ e g () [e(s)] ™ ds
—i—)\/ e*()‘+)‘1+6)fi[c("”)]ildx&(s) [e(s)] " ds.

Differentiating the above equation w.nt.one finds the integro-differential equation (5) ).
Similarly let Z = W; A Li2. Then conditioning on the ever{l = t,Z = Lo} and{Z =t,7Z =
W1}, we obtain foru > 0

— /0 e~ MA2He, (17(1))dt + A /0 e~ (A+A240) (7 (1)t 8)
whereu(u) = i ¢1(u — x) f1(x)dz + w1 (u). Then by changing variable= U(t) to Eq. (8) we have
that

-

o1 (u) = o / oAt [l e gy () [¢(s)] 7 ds+ / A+ Ag+0) [J1e@™ e () [e(s)] ™ ds.

Differentiating w.r.t.u we get immediately Eq. (5) fap; (u). O
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Remark 1. Note that the two classes risk model given by @¢(2), contains as special cases both the
compound Poisson and the renewal generalized Exfl2ng;, A2) risk model.

(i) For A1, A2 — 0 it is straightforward to check that Eq(5), lead to Eq. (3.2) of Lin and Sendova
(2007) which is the integro-differential equation for the Gerber-Shiu function in the compound Pois-
son risk model under the multi-layer dividend strategy.

(i) Taking A — 0 into the second equation in (5), and then substituting into the first pa(bpéand
differentiating the resulting equation w.ri.we get the integro-differential equation (2.1) of Theorem
1 of Yang and Zhang (2007) for the renewal generalized Erf2nigk model under the multi-layer
dividend strategy.

Now, similar to Albrecher and Hantinger (2007) (see also Lin and Sendova (2007), Yang and Zhang
(2007)), we consider the multi-layer risk model by defintidayers, say) = bg < b1 < ... < b1 <
b, = co. We assume that the premium is collected with rat@henever the surplus is in the layii.e.,
between the thresholds_; andb;, i = 1,...,n. To separate this special case from the general surplus
dependent risk model, we define the surplus protgss), given by

dUb(t) = ¢;dt — dS(t), bi—1 < Ub(t) < by, 1=1,...,n, (9)

where the aggregate proceS§) is given by Eq. (2). Also, we assume that fo= 1,...,n, ¢; >
Ami + [M A2/ (A1 + A2)]me meaning that there is a positive security loadiiagsuch thatl /(1 + 6;) =
[Amq 4+ A dama /(A1 +A2)] /ci. Under this modification, l€f}, = inf{¢t > 0 : Uy (t) < 0} to be the time
of ruin and

6w b) = (& o w(Un(Th—, [U(Th) )1 (1 <o0) | Un(0) = u) ,

to be the expected discounted penalty function for the multi-layer risk model (9). Also, as in the previous
section we define the expected discounted penalty function in the time of realization, of = 1, 2,
given by

¢, (u;b) = (6—5<Tb—t>w(Ub(Tb—, U(Tb)) (73, <00) [Un(t) = u, L1y = t) :

Theorem 2. For b; 1 < u < b;, i = 1,2, ..., n, the Gerber-Shiu expected discounted penalty functions
¢(u,b) and ¢, (u, b) satisfy the following piecewise linear integro-differential equation system

e (1) = A1y (usb) + (A Ay + 6)(usb) — A /0 " o(u — 2. b) fa()dr — Nun (),
i, (u;b) = —Ag /0 " (= 23 b) fol@)dz — Agwa(u) + (A+ Mg + 8y (us b) (10)
- )\/0 d1(u — x;b) f1(z)dr — Awq (u),

with boundary conditions

ciyr lim ¢'(u;b) =¢; lim ¢'(u;b), ciy1 lim ¢j(u;b) = ¢ lim ¢ (u;b), (11)

u—0;+ u—0;— u—0;+ u—0;—
wherew;(u) for j = 1,2 are given by Eq(6)

Proof. Substituting the assumptiafiu) = ¢; whenevem;_; < Uy (t) < b; into Theorem 1, the integro-
differential equation system (10) is straightforward. To obtain the boundary conditions (11), first note that
from (7), (8),¢(u; b), ¢, (u; b) are always continuous i, even at the seeming discontinuity points. Thus
under the multi-layer dividend strategy, the Gerber-Shiu functignsb) and¢, (u; b) are continuous at
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eachb;, i = 1,...,n. Furthermores(u; b), ¢, (u; b) are not differentiable a;’s but their left and right
derivatives exist. Then, from the integro-differential equation system (10) and the contindity,df)
and¢, (u, b) atb;’s, it is not difficult to see that the boundary conditions given by (11) hold. O

The existence of the right derivative ¢fu; b) and¢, (u; b) allows to define the system (10) for allin
which the derivatives’(u; b) and¢ (u; b) w.r.t. u are defined as the right derivatives and the constraint
bi_1 < u < b; isreplaced by; ; < u < b; for eachi = 1,...,n. Therefore in (10) the derivatives of
the derivatives ob(u; b) and¢, (u;b) atu = b;,i = 1,...,n — 1 are assumed to be right derivatives.

3 Analysis of the piece-wise integro-differential equation system

The main goal of this section is to analyze the piecewise integro-differential equation sysytem (10). We
first introduce some auxiliary results.

Lemma 1. Leto be strictly positive and let
li(s) = MAafa(s), (12)

wherel;(s) = [cis + Afi(s) — (A + A1 +8)] [eis + Afi(s) — (A + A2 + )] Foreachi = 1,2, ..., n, Eq.
(12) has exactly two distinct positive real roots, sayd) andry;(6), which are located in the right half
of the complex plane.

Proof. See proof of Theorem 1 of Li and Lu (2005). O

If we denote the root with the smallest real parthy(d), thenlims_o71;(6) = 0. In the rest of
the paper we assume that the two roots are distinct, and for simplicity we denote thestd as= r;;,
j=1,2,i=1,...,n.

Also, to analyze the piecewise integro-differential equation system (10) we introduce a commonly used
operator in risk theory, namely the Dickson-Hipp operdfarLet f be a real-valued integrable function
ands be a nonnegative real number (or a complex with nonnegative real part). Then, the opgfasor
defined as

T, f(z) = /OO e~V f(y)dy, x> 0.

For more details abouf; operators, we refer to Dickson and Hipp (2001), Li and Garrido (2004a) and

the references therein. Also, for notation reasons, we define the following operatoes foR, ..., n
2 Tyro;—Try;
S = Hj:1 T Wa
Mi; = ATy + AN+ A2+ 0 — ciros — Afi(r1))Si,
A ~
Mo; = /\*(Cﬂ'gz‘ + A fi(r2) = A=A — A2 —0)5;.
1

Hereafter, we constrain the Gerber-Shiu functips; b) and¢, (u; b) to the class such thdt, , w;(u) <

oo, (and consequentlg;w;(u) < o0), i=1,...,n, k,j = 1,2. Similar to the method of Lin and
Sendova (2007) , see also in Yang and Zhang (2007), we relax the congifaintSu < b; tob; 1 < u

in the non-homogeneous integro-differential equation system in (10), and wWe(ket, ®; ;(u) (with

T, ®i(bi—1) < oo, Trjicbu(bi,l) < oo) be the solution of the following non-homogeneous integro-
differential equation system faor=1,...,n



u—b;_1
ciq)/(u) = *)\1(1)171'(111) + ()\ + )\1 + 5)(131(11,) — )\/0 (I)Z(u — x)fl(:z:)da:

Y /uubil o(u—z)fi(x)dx — Awy(u), w>bi—1

u

u—b;_1
e (1) = —Ao /0 Bi(u—0)folade D [ ou-a)fale)ds ~ dawa(w)  (13)

-bi—1

u—b;_
+ (A + Ao + (5)(13171‘(71) — /\wl(u) — )\/ ' (I)M(u — a:)fl(x)dx
0
_ )\/ul:bz-_l o1(u—x) fi(x)dx, w>bj_q.

Then, the solution to the non homogeneous piecewise integro-differential equation system (10), with
boundary conditions (11), heavily depends on the solutdiis), ¢, ;(u) as well as on the solution of
the following associated homogeneous integro-differential equation systeéma=for...,n

by
civi' (u) — (A + A+ 0)v(u) + )\/ 1 vi(u — ) fi(z)de + Mo i(u) =0,
0

u—b;— u—bj— 14
civy ;(u) + A /0 1 vi(u — x) fa(z)dx + )\/O ' vii(u — ) fi(z)de (14

— ()\ + Ao + 5)U17Z’(u) =0,

It follows from the general theory of the differential equations the solution of the homogeneous system
(14) is of the form

vi(u) vi11(u) > ( vi12(u) )
=k; ’ + ki ’ ;o u > b, 15
( v (u) ) ! ( Vi (u) 2\ vige(w) “ ' (15)
where[v; 11(u), vi 21 (w)]” andlv; 12(u), vi 22(u)]” are independent solutions of the homogeneous system
(14) andk; 1, k;2 some arbitrary constants. Lef;(b;—1) = Lizjpi=1,...,n, k1l € {1,2}. Then, it

is easy to see thé; 11 (u), v;21 ()] andlv; 12(u), vi22(u)]” are two linearly independent solutions, and
thus the solution to the non homogeneous system (10) can be expressed as]for. , n,

d(u;b) = @i (u) + ni1vign (w) + migvina(u),  bimg <u < b,

16
o1 (u;b) = @1 i (u) + mi1vigr (w) + ni2(b)vige (), bi—1 < u < b, (16)

where®;(u), 1 ,;(u) are some particular solutions of the non-homogeneous system (13); ang »

are constant coefficients determined by the boundary conditions (11). We remabk that®; ; (u) are

the Gerber-Shiu expected discounted penalty functions in the absence of dividend barriers, which have
been studied in Li and Lu (2005) for exponential claim amount severities and in Chadjiconstantinidis and
Papaioannou (2009) for claim severities having rational Laplace Transforms (LT).

3.1 Defective renewal equation®;(u), ¢, ;(u) and their solutions

In this section, we shall prove (although the proc8$s) is neither a compound renewal nor a com-
pound Poisson one) that;(uv) and ®, ;(u) satisfy some defective renewal equations. Then their exact
representations can be easily obtained according to Theorem 2.1 of Lin and Willmot (1999).
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Hereafter, a change of variable = u — b,_; and Q;(y) = Qi(u — bi—1) = ®;(u), Q z( )
Q1,i(u — bi—1) = P®1,;(u) brings integro-differential equation system (13) , for> 0, i =1,...,n,
into

¢iQi(y) = —MQui(y) + A+ A1 +0)Qi(y / Qi(y — ) f1(x)dx — A;(y),
Qi) = X /0 " Quly — o) ol + (At Ao+ D)Quily) (17)
- )\/y Qui(y — x) fr(x)dx — Ay ;(y),

where A, ( _)\fol Lo(x) fl(y+bz 1 —x)dr + Aw1(y + b;—1) and Ay ;(y —)\2IOZ Lo(x) f2(y +
bi—l—df)d$+)\2w2(y+bz 1 +/\f0’ Vo1 () fily + bs 1—w‘)d$+)\w1(y+bz’ 1)
Further, forR(s) > 0, IetQ = [ e Qi(y)dy, Qri(s) = [i°e VQui(y)dy, Ai(s) =

Jo~ e Ai(y)dy, andA1 il f0°° e %Y Ay ;(y)dy to be the LT Osz( ), Q1.i(y), Ai(y), and Ay ;(y)
respectively. Also, by the form al;(y) and A, ;(y) it is not difficult to see that

bi—1

As) = A /0 ()T f1 (b — 2)dz + ATows (bi 1),
bi—1

Ai(s) = o /O ()T fo(bir — )de + AoTyws(bir)

bi—1
—i-)\/o d1(x)Ts f1(bi—1 — x)dx + ANTswy (bi—1).

Then, by taking the LT in both sides of equations in (17), and by solving the resulting system yields for
i=1,...,n

Oi(s) = [eis — (A + Ao+ 6) + M (5)][c:Qi(0) —gi(s)] — M[ciQ1,i(0) — 21,1(8)]7
bi(s) — M2 fa(s)
[eis — (A + M1+ 8) + M1(9)][ciQ1,i(0) — Avi(s)] — Aafa()[ciQi(0) — Ai(s)]
li(s) = MAafa(s) |
For the complete solution of (18), we need to determinAe the quar@t;ié{si Q1,:(0). By the fact that
Tr;; ®i(bi-1) < 00, Try;®1,(bi-1) < oo, implies thatQi(rji) < oo, Qu(rji) < oo, j = 1,2.
Therefore, for allR(s) > 0 the numerator in (18) is zero fer= r1; andry;, i.e.

leirii — (A + A2+ 6) + Af1 (ri)][eiQi(0) — Ay (rj3)] — M[ciQ1,4(0) — Ay i(rji)] =0, j=1,2. (19)

By solving this linear equation system Q¥ (0), Q1:(0), we getfori=1,...,n

(18)
Qui(s) =

TTQiA’L'(O) n )\LgiAl,i(O) — [Cﬂ“li + ()\ + Ao+ 5) + )\fl (7‘11)]51141(0)

% 0) = )
Q14(0) = [cirai — (A + A2+ 6) + Mfi(rai)] [ciQi(0) — Ai(rai)] + A Ari(ra)
1 )\lci .
. : 1,2 k=1 .
Now it can be easily seen that for where for= { 9 Lo it holds
HJ =k TTJZ =A fo o (Hf:k Tsz‘) Si(bioy — z)dz + AT <H§:k Trjz'> wi(bi-1),
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and
‘ N bi—l y) ¢
Hj:k T’l“jiAl,i<3> = AQ/ ¢(x)TS <Hj:k Trji) fg(bi_l — .%')d:L‘ + AQTS <Hj:k TT'ﬂ) 'u}g(bi_l)
0

+A /Obi_l o1(x)Ts (H?:k Trji> fi(bi—1 — x)dx + \T (Hfzk TT’jz‘) wy(bi_1).

Proposition 1. For R(s) > 0 the LT ofQ;(s) and Q1 ;(s), given in (20), can be expressed as

(21)

Ai(s) = 22Ty Ji(s) + A (M + o+ 2X+26) = 2Acirs = Afi(ra) = Ai (1)) $.fi(s)
2Ty, F1(8) Do f1(8) — MAas; fo(s),

Gils) = Ty Ails) + (A + X0 + 0 — o = Afi(r1s) ) $ii(s) + M Aui(s) + A[e:Qi(0)
_A\i(T2i)]5i]?1(5) — ATy F1(8)Trg; Ai(s),

~

Cri(s) = i (TryAra(s) = Try Ava(s)) = Ao (1= Folria) ) SAi(s) = ATy, Fi(5) (T Avals)
Ty, A1a(s)) + ATy Jo(3) T Ails) + (Qu(0) = Ai(ra)) <
—O A+ Ao+ 8)Sifi(s) — )\251']?2(8)> + ()\ + 8 — ciroi — \fi (m)> (.siﬁl,,-(s)

—.siﬁl,i(s)) .

Proof. Since the equations given in (18) have the same form with Egs. (11)-(12) of Chadjiconstantinidis
and Papaioannou (2009), from Proposition 1 of their paper we recover the result. O

Now, in order to derive the defective renewal equationsidr) and®; ;(u), we need to invert the LT
Qi(s), Q1.i(s) andi,(s) of Proposition 1 w.r.ts. To do this, we need first to invert the IF;(s), G1.;(s)
andn;(s).

Note that for an integrable functiofyz) it is not difficult to check that foft(s) > 0, for the same
values off as previously

T (H mf) (bi—1) = / e (HJ g Trjif ) (y + bi—1)dy,

0

and similarly for two integrable functionf (x) and f2(x), it holds that

/Obilfl(:c) (H rﬂfz bi—1 dx_/ sy/l ' HJ T S )(y+b ——

Hence it is easy to see that,
(T (T T ) (i) ) = T Ty + bica), (22)
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and
L1 (/Obrl fi(x)Ts (H?:k T’r‘jif2> (bil)dx) _ /Obi—l fi(z) <H§:k Trjifg) (y+bi—1—x)dz. (23)

Thus, using Egs. (22) - (23), the inversion @f(s), after collecting the terms involving(u; b) and
¢1(u; b), turns out to be

Gi(y) bi—1 bi—1
2/ ¢(l‘;b)Zl,i(y+bi1,9€)d$+/ ¢1(2;b) Z2i(y +bi—1,x)dr + Z;(y +bi—1), (24)
0 0

Ci2
where
Az 3 bi—
Zri(u,x) = zpi(u,x) + (M&ﬁ(u —bi—1), k=1,2,
)\Zi(bi—l)
Z; ) = i\ U, Si — b ’
(na) = afur)+ 25 s o)
with
1
Zl,i(u, CL‘) = C—z <M17if1 (’LL - Q?) + )\1>\251~f2(u - LL') - )\QTr%fl(bi,1 - x)Szfl (’LL — bifl)
u—b;_1
_)‘2/0 Tro; fr(u —z — Z)Trlifl(z)dz>v
A
ZQJ(“) $> = T;Szfl(u - $),
1
zi(u) = ] (Ml,iwl (u) + A1S; ()\ng (u) + /\wl(u)) — )\2Tr2iw1(bi—1)5if1 (u—bi—1)

u—b;_1
—\? / Tro;wi(u — 2)Try; f1 (z)dz).
0

In a similar way the inversion Oﬁu(s), after collecting the terms involving(u; b) and ¢, (u; b), is
given by

Gri(y) bi—1 bi—1
: =/ ¢(a:;b)H17i(y+bi_1,x)d:c+/ ¢1(ac;b)Hgvi(y—i—bi_l,x)da:—i—HZ-(y—i—bi_l), (25)
0 0

Hiwz) = hys(u,a)+ Mo f1(u—bi—1) — XS fo(u — bi_1)

hi,i(bi-1), k=12,

c— ASif1(0)
Hi(u) = hi(u)+ Maifi (- %jl;;i%fﬂu —bi-1) hi(bi-1),

hii(u,x) = Cz12 <)\2(i9\/{1,¢ = \2Si) fa(u — z) + ()\2)\,}%(7“11’)5@' — My ;) fi(u—z)

u—b;_q
+/0 [TTQifl(U — T — Z) (Az)\TrlifQ(Z) + )\QT’I”lifl (Z))
—MoTry; fo(u —  — 2)Try; f1(2)]dz — XM f1(w — bi1) — AaSifa(u — bi—1))

XTirg; f1(bi—1 — 33)>a
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u—b;_
1 i—1
hoi(u,x) = > ((Ml,i — )\)\gji)fl (u—x) — )\2/ Try; fr(u — o — z)Trlifl(z)dz>,

i 0

1 1 -~

hi(u) = 2 <(>\Ml’i — XS wa(w) — M2 (1 — fa(rii))Siwr — MM fr(u — bi—y)
u—bi—1 2
—)\QSifg(u - bi_l))Tr%’LUQ(bi_l) + /\)\2/ Z (—1)”Tr2iwj(u — Z)Truf,,(z)dz> .
0 v=1,j#v
Now, inverting both equations in (21) w.r¢.lead us to the following renewal equations
Y n;(x G;
Qily) = /0 Qi(y — z) C(Q)da:Jr C(Q?J), (26)

Gi(y) + G1i(y)

2 9

Quily) = /Oy Qui(y — x)m(;v) dx + (27)

Ci Ci

whereG;(y) andG ;(y) are given by Egs. (24) and (25) respectively,

ni(u) = 2Xe; Ty, fr(u) + >\<)\1 + Xo + 20+ 26 — 2X¢irai — Afi(r1s) — Afa (T2i)>5if1 (u)

_)\2(TT1if1 * TT'Q'L‘ fl)(u) + )\1)\25if2 (u),
andx denotes the convolution operator for real functions.

A change of variablg = u—b;_1, Q;(y) = Qi (u—b;_1) = ®;(u), Q1.i(y) = Q1.i(u—bi_1) = ®1:(u)
to Egs. (26), (27) lead us to

u—b;_1
D;(u) = /0 ®;(u — x)ni(z)/ci’dr + Gi(u — bi_1) /¢,

u bz 1
<I>1,i(u) = /0 @1,,;(u — x)nz(x)/cﬂd:v =+ (Gl(u — bi—l) + Gl,i(u — bz’—l)) /CZ‘Q.

Then, using Proposition 2 of Chadjicontantinidis and Papaioannou (2009) we get the following.

Theorem 3. For v > b;_1, the functionsP;(u), ¢ ;(u) fori =1,...,n, satisfy the following defective
renewal equations

u—bi_
Oi(u) = 1+1§z-/0 "y — @) () d + ——
1

g B, (28)

Py i(u) (B1i(u) + Bi(u)), (29)

u bz 1
Qyi(u— )y
11 e /0 Li(u —2)yi(z)dz + 116

where;(u) = (1 + &)n;i(u)/c;?, is a proper density functionB;(u) = (1 +§i) i(u — bi_1)/ci?,
Bii(u) = (14&)Gri(u—bi—1)/c;* andg;is suchthatl / (14-&) = [ zi(x)cide = % <
1. Further if§ — 0" thenfz — &70 such thaE170 =1—-86; [)\(/\2 + )\1)7711 + )\2)\17712]/(6?7‘21‘(0)), if the
safety loading facto#; is positive.

Now, fori = 1,...,n define the associated compound geometric distribution
& o 1 \"
Ki(z)=1-K;(z)=1-— . —_— ﬁnx,x>0,
@ =1 K =1 e S (g ) T >
whereT';" () is the tail distribution of the:-fold convolution of;(z) = 1 — = [y ly

Then, the explicit solutions of the defective renewal equations (28) and (29) can be derived in terms of the
associated compound geometric distributioy{z).
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Theorem 4. For v > b;_1, the functions®;(u) and @, ;(u) for i = 1,...,n, satisfying the defective
renewal equations (28) and (29) respectively, can be expressed as

1 [vbia 1
() = & [ B0k + g B, (30
® ® 1 u_m_lB K L 1
1i(u) = i(u)+§i/o 1i(u — 2)dK;(r) + 11 e 1i(u). (31)

Proof. Changing, once again, the variale- u—b;_1 > 0to equations (28), (29) and applying Theorem
2.1 of Lin and Willmot (1999) we obtain that

Qily) = 1./yBi(y+bi—1_$)dKi(x)+ ! -Bi(y + bi-1),
gz 0

1+¢&
1 (Y 1
Quily) = Qily)+ — / Bii(y+bi—1 — 2)dK;(z) + By i(y + bi—1),
& Jo 1+¢&
from which we get the required expressions immediately. O

From Theorem 4, sinc®;(v) and B ;(u) can be easily evaluated for several choices of the penalty
functionw(z, y), itis clear that®;(u) and®; ;(u) can be derived explicitly whenever the d&;(u) is
known explicitly. Among these cases are the &f(u) that have rational LT, (s). Note thatk; (s) is a
rational function if and only iff; (s) and f2(s) are rational functions.

Thus, we consider the case where the claim size p.d.f. have rational LT, that is

~ o pn-1(s) qm—1(8)
== i)

wherep,,_1(s), ¢m—1(s) are polynomials of degree— 1, m — 1 or less, respectively ang,(s), ¢mn(s)
are polynomials of degree, m respectively with leading coefficiemtand with only negative roots. The
class of the rational distributions is a wide class of distributions, containing among others the exponential
distribution, the Erlang distribution, the Phase-type distribution (as well as the mixture of them).

From Theorem 1 of Chadjiconstantinidis and Papaioannou (2009), the associated compound geometric
distribution for claims having LT as in (32) is given by

, With p,_1(0) = pn(0), and fa(s) = , With ¢,,—1(0) = gm(0),  (32)

o 2n+m
Ki(z)=1-Ki(x)=1- Y aje B x>0, (33)
Jj=1

where
RiiRo;...Ropimi  P2(—Rji)am(R;)

Ajyi = n+m
P R T (Ry) — Ry P3(0)am(0)

Further&; /(1 + &) = RiiRa; - .. Rontm,i/P2(0)¢m(0), whereR; ;, j =1,2,...,2n + m are the roots
with negative real part of the equation

. i=1,2,....2n 4+ m.

2
am(s) H [(cis — A= —0)pn(s) + )\pn_l(s)} — /\1/\2qm_1(3)pi(s) =0. (34)
k=1

12



3.2 Analysis of the homogeneous integro-differential equation system

In this subsection, our aim is to solve the homogeneous integro-differential equation system (14) by using
LT. A change of variableg =u—>b;_1 andxl- (y) = Xi(u — bifl) = Ui(u), lei(y) = lei(u — bifl) =
v1i(u)y >0,i=1,...,n, brings (14) into the form

e () — (£ A+ 6)xi(y) + A /0 " iy — o) fa()de + Ayai(y) = 0.

/ Y Y (35)
i)+ %o [t =0 f@e £ [l - 2@
—(A+ A2+ d)xai(y) = 0.
The above homogeneous integro-differential equation sysytem has solution of the form
Xi(y) ) < Xi1(y) ) < Xi2(Y) >
=1; ’ +n; ’ ; > 0. 36
( X1 (y) it Xi21(y) .2 Xi22(Y) Y (36)

", [vi2(u), vi2a(u)] we can conclude that

Further, from the initial conditions ofv; 11(u), vi21(u)]
Xi,kf(o) = ]-(k:Z)v kv l= 17 27 1= 17 2’ -1, from which it erIdS that[Xi,ll(y)a Xi,?l(y)]/’ [Xi,12(y)7
Xi722(y)]' are also some linearly independent solutions.

Let Xi(s) = [~ e *¥xi(y)dy, X1i(s) = [;° e *¥x1i(y)dy be the LT ofx;(y) andx1,(y) respec-
tively. Then taking LT in both equations of (35) and solving the resulting system of equations we get
that

N B [cs — (X2 +A+06)+ A1 (s)} ¢ixi(0) — cidixa,i (0)
Xls) = 7 (5) = Athafa (5) 7

cix1,i (0) [03 — (M A0+ A (3)} — cidef2 (5)xi (0)
%i (8) = Mo fa (s) '
Now, note that from form the above two equations we can get the solution[sdg{(y),Xml(y)]',

[Xi12(¥), Xi22(y)]". Itis easy to check that t is easy to check that0) = 71, x1,; (0) = 72 and so

Xi (8) = Xi (0) Xi11 (8) + x1,i (0) Xi12 (5), andX1,i (s) = xi (0) X;.21 (5) + x1,i (0) X; 22(s) impyling
that

X1i(s) =

. eiXi 10 (0) [ess = Qo + A+ 0) + Afi (5)] = et o (0)
Xi,lf (8) = -~ 7€ = 17 27
i (8) — Az fa (s)
N eiXize (0) [eis = (1 + A+ 6) + Afi (5)] = eafa (5) i (0)
Xijze () = = A=1,2
i (s) = AtAaf2 (s)

Using the LT and both Egs. in (37) we are able to find..(y), k,¢ € {1,2}, when both claim sizes
severities belong to the rational family. Consequently we can determijnéu), k, ¢ € {1, 2} for rational
distributed claim sizes as given in the following corollary.

(37)

Corollary 1. If the LTfl(s) andfl(s) of the claim densities are defined ag8R), then the two linearly
independent solution; 11 (u), v o1 (u)], [vit2(u), vige(uw)]’ i =1,...,n, are given by

2 2n+m
Vige (u) = Zdivké (5) erii(u=bi—1) | Z bike (7) e*Rji(u*bi—l)’ u > b1,
j=1 j=1

13



for k, ¢ € {1,2}, and

Vamg) [(cirgi = Ny = A= 0) + M= vty (i)

ety (i) Tht™ (i + Rii)
1R, .
7 Lk=0) P‘%Rﬂ)) (cilji + Ny + A+ 5)} — U] g (bim1; —Rji)

bre (i) = pi(—Rji) gm (—Rji
k(i) = p2(—Rji)am (—Rji) ciia(—Rji) TR ks (Brs — Rji)

are () = i (i) gm (75) j=1,2,

9

with

. X k=1 . M k=1,0=2
AM:{ N k=2 “W(b“;t):{ Ntz=tlh =20 =1
) t ) )
wherery;, ro; and Rj;, ¢ = 1,2, ..., 2n + m, are the roots of the Eq. (34) angla(s) = (s —ri;)(s — r2).

Proof. From the form of the LT in (37) and Corollary 3 of Chadjiconstantinidis and Papaioannou (2009)
we have that, fok, ¢ € {1,2},

2 2n+m
Xike (U Z ige (J) €7 + Z bije () €19, w>biq,
from which we obtain |mmed|ately the required equation. O

Remark 2. Note thatv; j¢(u), k,¢ = 1,2 in Corollary 1 are real-valued functions, even if some of the
roots, namely-y;, ro;, —Rji, j =1,2,...,2n + m, of the Eq. (34) can come in pairs of complex forms.
In this casev; 1,(u), k,¢ = 1,2 may contain trigonometric functions.

4 Recursive calculation of the Gerber-Shiu discounted penalty function

In this section, we investigate analytical expressions for the two types of the Gerber-Shiu funttigns
and¢, (u; b) and we show that their explicit recursive expressions can be derived via the results obtained
in the previous sections.

From Theorem 4, since the functiofs(v) and®, ;(u) at each layergh;_1, b;) are given in terms of
Bi(u) and By ;(u), from Eqgs. (24)-(25) it follows that the functior3;(«) and B; ;(v) and hence the
functions®;(u) and®, ;(u) can be evaluated if we know the Gerber-Shiu functiofig b) andg, (u; b)
at all the previous layer§), b1), [b1,b2), ..., [bi—2,b;—1). This can be easily achieved by inserting (24)-
(25) into Egs. (30)-(31) and changing the order of the integration, as showing in the following proposition.

Proposition 2. For u > b;_1, ®;(u) and®; ;(u) fori =1,...,n, are given by

bi_1 bi—1
Di(u) = /o P(y; b)yma i (u, y)dy +/0 ¢1(y; b)ma ;i (u, y)dy + m;(u), (38)

bi_1 bi—1
$yi(u) = ‘I’i(U)Jr/O o(y; b)m,i(uay)der/O ¢1(y; b)pa,i(u, y)dy + pi(u), (39)

where
14+& [vbim
mii(u,y) = 2 /0 Zri(u — 2,y)dKi(v) + Zii(uy), k=12,
. u bz 1
mi(u) = 8 / Zi(u — 2)dEK(x) + Zi(w),
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and

. u bz 1
peyi(u, y) = ! _ggl / Hi(u—z,y)dK;(z) + Hi(u,y), E=1,2,
? 0
by
iln) = 12& / " Hi(u — 2)dEK () + Hiu).
? 0

We remark that formulas (38) and (39) give a recursive approach to calebjéig, ®1;(u) with
starting pointsb (u) = m; (u) and®y 1 (u) = 1 (u)+p (u) = mq(uw)+p (u), however, the coefficients
n:,1 andn; 2 can’t be explicitly observed. To make more clear, we have the following theorem.

Proposition 3. For v > b;,_1, andi = 1,2, ..., n the solutions to non-homogeneous piecewise integro-
differential equation system (13) can be expressed as
i—1
Oi(u) = Li(u)+ ) <77k:,1Lz‘,k,l(U) + nk,QLi,k,Q(U)>v (40)
k=1
i—1
Dpi(u) = Di(u)+ Ai(u) + (nk,1Ai,k,1(U) + nk,QAi,k,Q(U))7 (41)
k=1
where
-1 .p,
L) = mitw)+ 3 [ (Do) + (L) + ) mast) ) do
k=1"bk-1
=1 .p,
M) = )+ 3 [ (Bt + (Lelo) + Aalo) nas(u) )
k=1"br—1
and forj =1, 2,

b
Ligj(u) = /b (Uk,lj(y)ml,i(uay)+Uk,2j(y)m2,i(uay)>dy
k—1

i—1 by
+ > /b <Ly,k,j(y)m1,i(uay)+(Lz/,k,j(y)+Au,k,j(y))m2,i(uvy)>dya

v=k+1

by
Aigj(u) = /b <Uk,1j(y)u17i(u, y)+vk,2j(y)u2vi(u7y)>dy
k—1

+ Z / ( v (Wi (s y) + (Lo () + Ak (9)) p2,i (u, y)>dy-
v=k+1
Proof. Fori = 1 the case is trivial. Assume that (40)-(41) still hold foxK ¢ < v. We will prove that
Egs. (40)-(41) are also hold for= v + 1.
From Egs (38) and (16), we get that

b, by
By () ‘A¢@mmwﬂmw@+g 61 (5 D)1 (t, y)dy + my s (1)

v b; v b;

= M+ / DI a(9)dy + 3 [ on(ysBIma (. 9)dy
' ' i=1 7 bi—1

= myy1(u) + Z/ ( )+ mivin(y) + 77i,2vi,12(3/)> miy41(u, y)dy
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v by
+Z/ <¢>1,¢(y) + ni1vi21(y) +ni,QUi,22(y)>m2,u+1<uvy)dy
i=17bi-1
v b; v 2 b;
= mu+1(u)+2/b (I)i(y)ml,u+1(uay)dy+Zni,lz/b Vi1 (Y) Mg+ (u, y)dy
i=1 /i~ =1 j=17bi—1

v b; v 2 b;
+> / 1 O1i(y)mopir(w,y)dy + > mi2 Y /b ) Vi 2(Y)mj vt (u, y)dy, (42)
=1 /bi— i1 j=17bi—

By assumption, foi < ¢ < v, it holds

~

-1

®o(u) = Le(w) + Y (meaLepa(w) + neoLego(w)),
1

i

from which we obtain that

v by
S [ wlwmienaunis - Lo(y)mi i1 (u,y)
/=1 -

v (-1 2

)
an,j/ Ly i (y)ymipt1(u, y)dy
j=1

+

(=1 k=1 b1

)
— / Lo(y)mi p41(u, y)

=1 "7be—1
14

Lo i(y)mips1(u,y)dy.  (43)

-1 v by
-1

>, D i%a‘/

k=1 (=k+1 j=1 b

In a similar way, forl < ¢ < n, one obtains that

v be v be
Z/ 1 p(y)mep+1(u,y)dy = Z/ (Ae(y) + Le(y))maps1(u, y)
/=1 be_1 =1 be—1

v—1 v 2 be
+> 0> an,j/ (Ao (W) + Lo, (y)) mapr1 (u, y)dy.
k=1t=k+1 j=1 be—1

(44)
Note that in Eqgs. (43)-(44) we can relax the constraints ¥ < v —1to1 < k& < v in the second
summation sincé ", _, ., - = 0. Therefore , inserting Eq. (43) and (44) into Eq. (42) we get that

be

Pyr1(u) = mygar(u) + Z <Lg(y)m1,l,+1(u, y) + (Aﬁ(y) + Lﬂ(y))mlwrl (y))dy
/=1

bo_1

v bk v bg
+ Z M1 (/ vk (Y)ma e+ (w, y) + Z / Ly g1 (y)ma v (u, y)dy
k=1

b—1 t=k+1 VY be—1

by v be
+/ Uk21(y)mapia(u, y) + Z/ (Ae,k,l(y)+Le,k,l(y))mzuﬂ(u,y)dy)

be—1 (=k+17be-1
14 bk v bg

+Z77k,2</ Uka2(y)ma i1 (uy) + Y / Ly g2(y)mips1(u, y)dy
k=1 br—1 P=k+1 "7 be—1
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by, be
+/ Uk,22(y)m2,p41(w, ) Z / (Aek2(y) + Lena(y))mari(u, y)dy)

br—1 I=k+1 be—1

= Lypi(u) + Z <77k 1Lyt g (uw) + "7k,2Lu+17k,2(U)>,
k=1

which proves (40) foi = v + 1. By using exactly the similar arguments we can also prove that Eq. (41)
is also valid fori = v + 1. O

An immediate consequence of the Proposition 3 and Eq. (16) it is that we can calculate the Gerber-Shiu
functions¢(u; b) and¢; (u; b) explicitly as follows.

Theorem 5. For b;_1 < u < b;, and fori = 1,2,...,n, the two types Gerber-Shiu expected discounted
penalty functiong(u; b) and¢; (u; b) can be analytically expressed as

—1 2 2
¢(u;b) = Li(u) + Z Z Mk Li g, j (1) + Z Ni,jVi15 (W), (45)
k=1 j=1 =)
i—1 2 2
Gr(w;b) = Ag(u) + D D Mg (W) + Y mijvio(u). (46)
=1 j=1 =1

Now we turn to the determination of the coefficiemfs for i = 1,2,...,n, j = 1,2. First note
thatn,1 = 7,2 = 0. Recalling the boundary conditions (11) and the initial conditiong (b;—1) =

Lp—ey, Kk, € € {1,2,}, @ = 1,2,...,n, one can obtains tha}; ;'s recursively as solutions to the
following linear equation systemfon = 1,...,n — 1

m—1 2 2
Cm (le(bm) + Z Z nk,jL;n,k,j(bm) + Z nm,jU;n,lj(bm)> = Cm+1 <L;n+1(bm)
k=1 j=1 j=1

m 2 2
DD e Ll g () + ) nmﬂ,jv;nﬂ,wbm))a (47)
k=1 j=1 j=1
m—1 2 m—1 2 2
< )+ Z Mk,j Lo, k:] )+ L/ (bm) + Z an,jA;n,k,j(bm) + ZﬁmJU;n,Qj(bm))
k=1 j=1 k=1 j=1 j=1
m 2
SR CARCRES 9) YRV ASURES TRAURES 9) st e RS
k=1 j=1 k=1 j=1
2
*‘j£:7hn+ldlﬂn+12j(@n))- (48)
j=1

Example 1 (The Laplace transform of the time to ruin). Let§ > 0 andw(z,y) = 1. In that case the
Gerber-Shiu functions(u; b) and¢, (u; b) are reduced t& (e 2> 17, . o) |Ub(0) = u) = @1, (u; b)

andE (e~ ST=D1 11 <00)|Ub(t) = u, L11 = t) = e, 1(u; b), which it can be seen as the LT of the time

to ruin with argument. We assume that the claims for both classes are exponentially distributed with
densitiesf;(xz) = ae™™*, a > 0, and fa(z) = Be= B 3 >0,z > 0. Further, we consider the existence

of three layers, i.e0 = by < by < by < b3 = ©

Note thatL;(u) andL; + A;(u) are the LT of the time to ruin in the corresponding two classes risk
model with no dividend layers.
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Now, consider the following set of parameters: = 1,A = 1,A\; = 0.5, X2 = 2,8 = 1.5,§ =
0.03,¢c1 = 15,¢5 = 13,¢3 = 12,7 = 3 andby, = 6. Then by solving the following equations

S 1.5

(155 = oq = 0.53) - (195 = 27 = 208) = == = 0,
‘ : 15

(185 = 77 —0.53) - (13s = 75 = 208) = =55 = 0,
‘ : 15

(125 = 17 —053) - (125 = 5 —208) - == = 0,

we obtain that

1 = 0.00218, ro1 = 0.17579, —R11 = —0.93081, —R21 = —0.94525, —R31 = —1.49790,
T12 = 0.00256, 99 = 0.20389, *R12 = *0.91976, *RQQ = *0.93857, *R32 = *1.49734,
r13 = 0.00279, 793 = 0.22157, —R13 = —0.91280, —R23 = —0.93459, —R3y = —1.49697.

Then from Corollary 1 we obtain that far > 0,

viir (u) = 0.8736%9028u 4 0.19595e017579 _ (.054533¢~0-93081u _ () 01383 0-94525u
—0.001211¢~1-49790u,

vi12 (u) = 0.218468e009218¢ _ ().214243e91757% _ (0.010742¢ 093981 1 (. 006539 ~0-94525u
—0.000022¢~1-49790u,

vig1 (u) = 0.872604¢%00218¢ _0.767079e%-1779 — (0.1132¢0-93081u 1 (. 0707250045254

—0.063013¢ 149790
V19 (u) = 0.218214¢%00218% 1 (.838682e0-177 — (1,022306¢ 93081 _ (0.033445¢ 0945250
—0.001145¢1-49790u,

and foru > 3

vo11 (u) = 0.879333¢%00256¢ 1 (0.105739¢0-20389 _ 1,016948¢~0-91976% _ (). 252484,~0-93857u
—0.134526¢ 149734

vo1 (u) = 0.219908¢%00%56% _(0.117179¢0-20389 _ (0.201443¢~0-919761u 1 ( 120413 0-93857u
—0.002745¢ 149734

voo1 (u) = 0.878136e%00%56% —(0.4126310-20389 _ 2 083034091970 1 1.286867¢~0-9385Tu
—6.189831¢ 1-49734u,

Voo (u) = 0.219609e009256% 1 (0.457277£0-20389 _ () 412619091970 _ ().613724¢~0-9385Tu

+0.126291 ¢ 1-49734u
Moreover, substituting the parameters into the functions of Proposition 3

Li(u) = 0.060096e~ 9% 1 (,007318¢~0-94525% 1 (0,001145¢ 149790
Ar(u) + Li(u) = 0.12479¢ 0930810 _ (0 03743¢~0-94525% 4 (. 0597556~ 149790u

and thus by the recursive formulas of Proposition 3, we obtain that

Lo(u) = 0.06765¢ 0919764 1 0007864093857 1 (.00122¢ 1497344
Ag(u) = 0.12071e091976% _ (02561~ 0-93857u 1 0.056339¢ 1497341
Ls(u) = 0.0705¢~%91280u 4 (00818093459 1 (),00049¢ 1496971
Ag(u) = 0.11173e 0912800 _(),0147¢ 093459 1 (),022188¢ 149697
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Lyya(u) = 0.97682e 91976 1 0.33765e 093857 4 014899 149734,
Loio(u) = 0.15719¢~091970% _.22191¢ 70938570 _ 015282~ 149734u,
Aopa(u) = 2.23455¢ 091976 _1.91026¢ 093857 4 6.854349¢ 149734
Ag1a(u) = —0.950203e 091970 1 2161659093857 _ (0.69628¢1-49734u,
and
Lgia(u) = 1021740912800 4 0.34799¢ 093459 4 .15495¢ 149697,
L312(u) = 0.154412¢091280u _ (29967093459 _ () 01699 ~1-49697w
Lipi(u) = —0.31089e 091280 1 (. 95295093459 4 (.059362¢ 14969,
L3ao(u) = 4.27725e 0912800 _ 363864093459 — 0.16198¢ 1496965
Agia(u) = 2.09744e 0912800 _ 1 7890209345 1 66337614909,
Azi2(u) = —0.89626e 091280 1 9 16707~ 0-9345%u _ () 68497149697
Agoi(u) = 37.9558¢ 091280 _ 34 8825093459 4 657 .6117¢1-4909Tu
(u)

= —17.2047¢7 0912804 4 40.31738¢ 93499 — 79,0007 11909,

Finally from Eqgs. (47) and (48), we obtain the following linear equation system

1.981633  —0.992642  —0.117692  0.038461 ma 0.000542
—1553575 4509101  04x10™°  —0.233077 ma | | 0005633
—0.000498  0.000071 1.067405  —0.997872 ma | — | 0.000024 |°
—0.002958  —0.0006476  —1.84071 4.86628 2,2 0.000245

from which we get that

m,1 = 0.001096, n12 = 0.001632,
n2,1 = 0.000109, 7922 = 0.0000927.

Hence, from Theorem % (u; b) andyr; (u; b) are given by

0.06002¢=0-93081v 1 () 007314e0-94525u 4 (). 001147e1-49790u

+0.001314¢0-00218u _ () 0001349¢0-17579% 0<u<3,
o1, (4;b) = { 0.068851e 091976 1 ().007855¢~0-93857¢  (.001346¢~1-49734u
+0.0001167e0-00256w 4 (0.7129 x 10~6¢0-20389u, 3<wu<6,
0.072235e~0:91280u 4 (9 00797093459 1 (0. 000621 e 1-49697u u>6
and
0.12463¢~0-93081w 1 0. 0073140945254 4 0.059684¢~1-49790u
+0.0013121e0%-00218v 4 (9. 000528017579 0<u<3,
¢1,,1(u;b) = ¢ —0.02409¢~0-91976% 4 (0.12134~0-9385Tu 4 (,06202¢~1-49734u
+0.0001165e0-00256u _ () 278238 x 1075020389 3<u<6,
0.115128e70:91280u _ (9 013249¢~0-9345% 4 0.0093041e~1-49697w 4, > 6
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